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Foreword

The purpose of thermodynamics is not so much to establish equations of state as to forbid some
of them, for violating its core principles (the conservation of energy and the non-decreasing nature of
entropy as a function of time). The purpose of statistical physics is more fundamental. It assumes that
all macroscopic systems are made up of a very large number of microscopic particles obeying a set
of specific laws, and aims to derive macroscopic properties (including thermodynamic principles and
equations of state) from statistical considerations.

This course is meant as an introduction to the concepts, tools, and results of statistical physics. It
strives to give the essentials for a master-level course, and is presented in two parts, dealing respectively
with systems at equilibrium and with systems that are out of equilibrium.

In the first part, the basic ideas underlying all of this course are presented in Chapter 1. The usal
statistical ensembles are presented in Chapters 2, 3, and 4. Applications to ideal quantum gas systems
(either material particles or photons) are presented in Chapters 5, 6, and 7. The case of a system in
equilibrium under an external field in treated in Chapter 8. Important applications of the methods of
statistical physics are presented in Chapters 9 (magnetism) and 10 (heat capacity of solids).

In the second part, we begin by a discussion of the elementary laws of transport phenomena in Chap-
ter 11, that are generalized to the linear theory of Onsager in Chapter 12. The spontaneous evolution
of a system that is initially out of equilibrium is treated in the framework of classical thermodynamics
in Chapter 13 and is rephrased in terms of statistical physics in Chapter 14.

In the third and final part, we discuss additional topics that are not central to the course but are of
interest if the reader wishes to pursue more advanced material. In Chapter 15, we present kinetic theory,
allowing for a computation of the transport coefficients and to show how hydrodynamics may be derived
from statistical physics. Chapter 16 presents an introduction to the topic of stochastic processes, with
an emphasis on the paradigm of random walks. Finally, Chapter ?? discusses the thermodynamics and
statistical physics of gravitational systems (such as stellar clusters or galaxies) whose properties present
pathological behaviours due to the long-range and unscreened nature of the interactions.
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Fundamental concepts and tools

In this chapter, we introduce the fundamental concepts of statistical physics, the notions of micro-
states and macrostates, statistical ensembles and statistical entropy. We illustrate these with two
classic examples : the perfect paramagnetic cristal and free particles in a box.

1.1 From microscopic physics to macroscopic physics

Up until the middle of the XIX'" century, all systems were thought of as macroscopic, and the
various fields of physics (mechanics, optics, electricity,. .. ) were considered as relatively separate topics,
each obeying its own set of physical laws (Snell-Descartes, Newton, ...). The atomistic idea suppor-
ted by the observations of Brownian motion led to the notion that there is a more fundamental layer
of physics that should be tackled at the microscopic level, and that known physical laws observed at
the macroscopic level should somehow be consequences of these more fundamental processes occuring
at the microscopic scale, when the number N of microscopic entities involved is large, i.e., N > 1.
The reader should already have heard of Avogadro’s number

N4 = 6.02214076 x 10%3 (1.1)

that, by definition, is the number of particles contained in 1 mole of the system. It is important
to realize, however, that a system need not contain N4 particles to be considered macroscopic. It is
so if its number of particles is N > 1, so that even 10~ mol is a macroscopic quantity, as it contains
some 6 x 10' particles?.

It is the goal of statistical physics to understand laws of macroscopic physics from a microscopic
description. One example of such an approach would be the interpretation of the blue colour of a solu-
tion of Cu®" ions, but there is not always as straightforward an interpretation as this, and most often
macroscopic physical laws only emerge as a statistical result over the large number of particles. For
instance, the notion of temperature itself requires discussing the probability distribution of particles
velocities, as we will see. The way statistical physics undertakes this task is not by brute force. Such
an approach would mean writing the equations of motion for all N particles in the system, specifying
initial conditions for each particle, and solve this coupled system of N >> 1 differential equations.
This is simply impossible, and, as we will see, is not necessary. Statistical physics instead makes use

1. Systems of units also need to be adapted to whether a system is macroscopic or microscopic. For instance, lengths
will be measured in A or nm at the microscopic scale (the typical size of an atom is ~1 A), while other units (um, mm,
cm, m, km, AU, pc) will be used at the macroscopic scale. For energies, macroscopic units will be multiples of Joules,
i.e., J, ud, kJ, while the typical microscopic energy will be in electron-Volts (with 1eV = 1.6 x 10719 J).
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of probabilistic methods, precisely based on the fact that V >> 1, by computing averages over the
N particles? and taking advantage of the fact that for an extensive quantity X, that scales as the
number of particles N, fluctuations scale as v/ N, and therefore relative fluctuations scale as

X T _ L o (1.2)
X N VN

and are therefore very small. For instance, considering a small volume within a closed system, containing
on average (N) = 106 particles, the number of particles at any given time within this small volume
varies typically by a factor 10~8, which is completely negligible. For completeness, we introduce the
notion of intensive quantities, that do not depend on the size of system. For instance, pressure and
temperature are intensive quantities.

1.2 Probabilities and statistical entropy

The impossibility to know the exact state3 of a macroscopic system, i.e. of knowing for instance
the exact position and velocity of each particle in a gas, requires one to approach the description of
that system using the language of probabilities and statistics, i.e., of speaking of "the probability to
find particle 7 in the vicinity of position 7; to within d7;". Thus, a quick reminder of the basics of this
vast domain of mathematics is necessary 4.

1.2.1 Probabilities
Introduction

Consider performing N "identical" experiments. By "identical", we mean that the control para-
meters are the same (for instance, the energy, pressure and temperature of the gas, ...). Among these
experiments, N; of these will yield a result y; when measuring a given physical quantity Y. We define
the probability p; of this result by Iy

K3

pi = A}linoo N (1.3)

If two results are mutually excluding, we have the probability to find either of these as the sum of the
respective probabilities, which we write mathematically as
Piuj = Pi +Dpj (1.4)

By considering the ensemble of possible results, we must have the normalization condition
> opi=1 (1.5)
i

For two events that are statistically independent, for instance when measuring independent physical
quantities Y and Z, and finding respectively y; and z;/, we have

Dini' = DiDi (1.6)

2. Or over the possible configurations of these particles

3. We will call that a microstate later on in this chapter.

4. The interested reader may delve into the subtleties of the domain using classical textbooks such as "Probability
and Statistics" by A. Papoulis.
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Average and standard deviation

Consider a discrete random variable X, with possible outcomes x; with probabilities p;. For
instance, this might be the result of a dice throw. We define the statistical average (also called
mathematical expectation) as

(X) = szl"z (1.7)

The standard deviation AX is a measure of the typical width of the distribution of measurement
results around the average. It is sometimes written ox. Its square AX? is called the variance, and it
is defined through

AX? = (X - (X))?) (18)

It is shown easily that this may be written as
AX? = (X?) —(X)? (1.9)

If we consider a function Y = f(X) of this random variable, we have the following expressions for the
average and standard deviation of Y/,

(V) =Y pifl@)  (AY) =3 pif(w) - lZpif(xi)l (1.10)

Consider now a continuous random variable, which means that the possible outcomes of a measu-
rement of X are not discrete but continuous, x € D. This might be the measurement of a voltage in a
circuit, for instance. We consider the probability dp that the outcome lies within the range [x; 2 + dz].
This probability is proportionnal to dz and this defines the probability density w(z) such that

dp = w(z)dx (1.11)

In this case, the normalization condition now reads
/ w(z)de =1 (1.12)
D
The definitions of the average and the variance are in this case
2
(X) :/ zw(z)dx AX? z/ 2?w(z)dr — {/ xw(r)dx} (1.13)
D D D

and for a quantity Y derived from X through a function, Y = f(X), we have for instance the average
Y)= / f(@)w(x)dz (1.14)
D

1.2.2 Statistical entropy
Definition

If the exact state of a system is unknown, this may be interpreted as a lack of information. The
concept of statistical entropy is a quantifier of this ignorance. To define it, let us consider a set of

12



events (e;) with ¢ = 1,2,...,n and probabilities p;. Obviously, we have 0 < p; < 1 and we have the
normalization condition (1.5). The statistical entropy is defined as

S'= —kZpilnpi (1.15)
i=1

where k is a strictly positive constant, which might be arbitrary, but for physical purposes we choose it
to be equal to Boltzmann’s constant

kp = 1.38064852 x 10" JK* (1.16)

We note that the impossible events (p; = 0) do not contribute to the entropy, since p; Inp; = 0.
Positivity

The entropy is positive, since p; > 0 and Inp; < 0 for all :.

S>0 (1.17)

It reaches its minimum null value if and only if the system's state is perfectly known, i.e., there is
one ¢ for which p; = 1 and p; = 0 for all other events. Indeed, Inp; = 0 and p;lnp; = 0 for j # i.
The fact that S = 0 in that case clearly states that the state of the system is perfectly known.

Maximum entropy

For a given number of events n, the maximum value of the entropy is reached when all events
have the same probability, p; = 1/n. In that case,

"1 1
S = Spax = —kp E Eln (n> =kglnn (1.18)
i=1

This may be shown through the method of Lagrange multipliers. This method searches for the extrema

of the function .
F{(pi}) = S{(p:}) — A [(ZPZ) - 1] (1.19)

as if the variables p; were independent. The constraint is inserted as the factor multiplying the Lagrange
multiplier A. The extrema are found by writing

oF 95
opi  Op;

~A=—kp(np;+1)—A=0 (1.20)

This leads to \
Inp; = — (1 + ) (1.21)
kp

which shows that all proababilites p; are identical. The fact that p; = 1/n stems then from the
normalization.
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Additivity

The entropy is also additive, that is, if two systems S and S’ are independent and their entropies
are respectively S and S’, then the union 8" = SU S’ of the two has an entropy

S =5+5 (1.22)

To show this, consider two sets of events (e;),;,, and (¢}) that are independent, and whose

1<i<q
probabilities are p; and p’, respectively. The combined event ¢}, = e; M e’ has a probability p;’; = pp]

due to the statistical independence of the two sets. Therefore, the entropy of the combined system is

n n q

q
S"=—kp Y3 plinpl = ks> > pip;npi) (1.23)

i=1 j=1 i=1 j=1

The logarithm may be written as a sum, so that

n q n q
S" = —kp Z Zpip;' Inp; + Z Zpip; In p’; (1.24)

i=1 j=1 i=1 j=1

In the double sums, we may separate contributions from the two systems as

n q q n
S" = —kp | D_pilapi d_pi+ 3 pinpi Y pi (125)
i=1 j=1 j=1 i=1

and use the normalization conditions to conclude that

n q
S" = —kp Zpi Inp; — kp ZP; Inp} =S5+ (1.26)
i=1 j=1

1.3 Microstates and macrostates

A macrostate will be defined as the state of a system determined by its properties at a macroscopic
level, e.g., pressure, temperature, total energy... The notion of microstate stems from the fact that
a given macrostate can correspond to a great many different microstates, that would be determined
by the properties of the microscopic constituents of the system (particle positions and momenta in
a classical approach, or quantum states). By exchanging the momenta of two particles, for instance,
the macroscopic properties of the system are obviously not changed, but these correspond to different
microstates ®. In the following, when we use the word "states", we mean microstates.

1.3.1 Quantum description of states

Any physical system may exist in a given number of stationary quantum states. In the quantum
approach, these states are countable and can be labeled with an index £. We may write these states
|¢) using the ket notation introduced by Paul Dirac, and write E; for their respective energies. The
fact that a given macrostate can correspond to many different microstates and that the exact micro-
state |¢) cannot be known (due to Heisenberg's uncertainty principle, if nothing else) suggests, as we
already mentioned, to use a probabilistic approach, and to consider that the various microstates |¢) are

5. We assume here that the particles are distinguishable.
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characterized by probabilities p,. The macrostate of a system can be then thought of as a probability
distribution {p,} over its possible microstates |¢).

Consider a system in a given macrostate, and the probabilities p; of the possible microstates corres-
ponding to it (also called accessible microstates). We assume that these probabilities are known, and
we consider the measurement of a certain physical quantity A. Say the value of A when the system is
in microstate £ is® a,. Then the expected value of A in this macrostate is given by

(A) = ams (1.27)
4

1.3.2 Density of states

The probabilities p, and measurements a, may often be viewed not as functions of the specific state
|€) , but as functions of the energy E, of the state, so that we may write

peag = f (Ey) (1.28)
and therefore the expected value of A in this macrostate is
(A) =" f(E0) (1.29)
¢

Now, several states may have the same energy. For instance, in an ideal gas, exchanging the momenta
of any two particles leaves the energy unchanged. So we may introduce the degeneracy g (E;) of the
energy level E, by defining it as the number of different states having that energy. Thus the above
equation may be rewritten as a sum over the energy levels rather than over the states

(A) = g (E) f (Er) (1.30)

It should be noted now that in a macroscopic system, the energy levels are very tightly packed. For
instance, considering a free particle of mass m in a 1cm? box, the difference 6 E, between two conse-
cutive energy levels scales as \/T/m and is of the order of 1 ueV for an electron at temperatures of a
few thousand K. This is much smaller than the accuracy with which the energy of the system may be
measured, or the energy scale §o E over which the function f may significantly vary. This latter quantity

may be estimated by
1o\

ool === 1.31

= (755) (131)
As a result, it is possible, from a macroscopic point of view, to consider that states are not discrete,
but form a continuum, and we may write én(E) the number of states whose energies lie between E
and E + 6FE, with a "resolution" in energy such that dE;, < §FE < dgFE. This number of states, in
the limit JE < 0o E, scales linearly with the interval § E. We define the density of states p(E) such that

p(E) = (1.32)

The density of states thus gives the number of states per energy interval. Using this approach, the
expected value of the measurement of A may be written as

W) =3 £(B) = [ f(Byp(E)E (1.33)
4

6. In quantum mechanical Dirac notation, we write a; = (¢|A|{).
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A related concept is that of the cumulative density of states ®(E) which gives the number of states
whose energy lies below E. Obviously, we have

on(E)=®(E+J0FE) — ®(FE) (1.34)
and therefore the density of states is the derivative of ®

PE) =% (1.35)

1.4 Ergodic principle

The necessity of speaking in statistical terms (averages, fluctuations,...) for macroscopic physical
systems requires a discussion of what in meant by such an averaging procedure, a topic leading to
introduce the ergodic principle.

1.4.1 Thermal motions and time evolution

Consider a gas of IV particles in a macroscopically-stationary state, within a box of volume V. Now,
the number n of particles contained in a small volume v within the box varies with time, as particles
enter and leave it, around the average value @ = (v/V)N.

Volume v T
n(t) particles k

Volume V' N particles t t

FIGURE 1.1 — Number of particles in a small but macroscopic volume, in a stationary state, and its
time evolution (at large and small timescales).

This average value is computed as a time-average of n(t),

1 At
n= Altlinoo Y /t n(u)du (1.36)

In practice, the time interval At need not be taken to infinity, but must be large compared to ty-
pical timescales &t at the microscopic level (i.e., it must be so that a large number of particles have
had time to leave and enter the volume v). As already mentioned, if v is a macroscopic volume, the
fluctuations of n are such that 0, /71 < 1.

Now consider that the gas is initially contained in half the total box, and at ¢ = 0 is released to
occupy all the volume. The small volume v is assumed to lie in the initially empty part of the box. As time
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Volume v
n(t) particles

Volume V' N particles

FIGURE 1.2 — Number of particles in a small but macroscopic volume, out of equilibrium, and its time
evolution (at large and small timescales).

flows, particles start to enter the volume v, and so the curve for n(t) is an increasing function of time
that appears smooth at a sufficiently large timescale, but is in fact a "stair-like" function when viewed
with sufficient resolution (i.e., ¢ small enough). This means that there is a macroscopic timescale 7
for the evolution of n and the averaging timescale At must be chosen such that 6t < At <« 7.

1.4.2 Statistical ensembles

Consider the realization of a very large number A of identical experiments with the same macroscopic
conditions and parameters, and the measurement of a physical quantity at a given point in time, say for
instance the number n of particles in that small volume v mentioned above. This suggests that another
averaging is possible, i.e.,

N
(n(0) = 37 S ns(0) (1.37)
j=1

where n,(t) is the result of the measurement of the number of particles in that small volume, at time
t, in the experiment j. If the experiments have been prepared independently and without any bias, the
various systems will each be in a certain state |¢), and the probability of finding a given system in that
state is py(t). We note that this may depend on time as the example above shows. The result of the
measurement of n in state |¢) is written ny and therefore

(n(t)) =Y pe(tyne (1.38)
V4

The ensemble of such identical experiments is called a statistical ensemble and the corresponding
average (n) is called ensemble average. We will encounter this notion in several subsequent chapters.

1.4.3 Ergodic principle

In many cases”, we will use the following approach : first we determine the possible states of the

system, then we determine their probabilities, which may depend on time, py(t). Finally, we compute
expected values of physical quantities as ensemble averages in the sense of equation (1.38). The ergodic

7. Such are the examples given in 1.6.
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principle states that these ensemble averages are identical to the time averages over a single system
such as written in equation (1.36), i.e.,

(A) =4 (1.39)

for any physical, macroscopic quantity A. This is an essential principle for statistical physics, as the
theory rests on ensemble averages but experiments can in many cases only rest on time averages.

1.5 Classical statistical physics

Although we will mostly use a quantum approach to statistical physics in the rest of this course,
it is important to realize that the original formulation of the topic was purely classical, as quantum
physics was unknown to Boltzmann, of course. This classical approach will be used later to discuss
kinetic theory.

1.5.1 Phase space and distribution function

In this classical approach of statistical physics, a microstate of a system is defined by the positions
7; and momenta p; of the IV particles that the system is made of. It is therefore given by a point in
a 6N-dimensional phase space. The probability dP of finding the system in a state {7}, 7; }1<i<n, Of
rather of finding it in an elementary volume dr around that state is then written using a density of
states, also called statistical distribution function, fy as

dP = fy({7i, pi})dr (1.40)

where the volume element (Fig. 1.3) is simply
N
dr = [ d*md®p; (1.41)
i=1

Note that this description is valid when all actions (products of energy and time or of momentum
and length) in the problem are much larger than the reduced Planck constant /. In other words, the
classical description should be recovered from the quantum one when /i — 0.

DPi

FIGURE 1.3 — An element of phase space
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1.5.2 From the classical to the quantum

The passage from this classical description to a pseudo-quantum one usually involves dividing by
h3 per particle, to take into account the fact that the Heisenberg uncertainty principle implies that
a single state of a single particle occupies a volume ~ k3 in phase space. This means replacing d7 by
dr/h3N when converting from a classical expression.

1.6 First examples

In this section, we apply some of the notions introduced above to give a first approach to classical
problems of statistical physics, to which we will return frequently in the following chapters.

1.6.1 The perfect paramagnetic crystal
Description of the system

Consider a system of N atoms, at fixed points (the nodes of the crystal’s lattice), bathed in a
uniform magnetic field B= Bé,. Each atom has a spin s, which we assume to be 1/2, and associated
with those spins are magnetic moments ji. Projected on the z axis, this means that each atom may
be in one of two states +u or —u. Since the interaction energy is —ji - B, the "up" state +u has an
energy €, = —uB and the down state —p has an energy e_ = uB.

Accessible microstates

A microstate of the crystal is determined by specifying, for each atom, whether it is in the "up"
or "down" state. Consequently, there are 2V states, but not all of them have the same total energy.
Without any interaction between the different atoms, which we assume here, the total energy is a
function of one parameter, say the number n of atoms in the "up" state,

Eny)=nyer +n_e_ =puB(n_ —ny)=puB (N —2ny) (1.42)

using the fact that ny +n_ = N. Assuming that the total energy is fixed (the microcanonical case,
as we will see in the next chapter), the number of accessible states, i.e., those that are compatible with
the constraint of this total energy, is given by the number of possible choices of the n, "up" state
atoms from a sample of N, so they are given by the well-known combinatorial expression

Cy = N (1.43)
In the words used in the previous sections, the microstate |¢) = |+ + — — —...+ —+) is an ordered ®

succession of "up" or "down" states, the energy of the state is Ey = uB (N — 2n,) where ny = ny,
and the degeneracy is g (Ey) = C/.
Probabilities

Now the question is to find the probabilities p, for these states. Say the probability for a given atom
to be in the "up" state is o, then the probability for the ¢ state is®

pe=a™(1—a)N ™ (1.44)
and the probability for having exactly n "up" spins is

p(n) =Cla™(1—a)N ™" (1.45)

8. It is ordered because the atoms are at fixed positions in space and are thus distinguishable.
9. Without any interaction between atoms, the probability « is the same for all atoms.
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Most probable number of up states

We then wish to ask what the most probable value of n is, and we suspect this will depend on a.
Considering that the system is macroscopic, n is very large, so we may view n as a continuous variable,
in which case finding the most probable value n,, amounts to solving

Ip

£ _0 1.46

o (1.46)
which, given that the logarithm is a monotonously increasing function, amounts to solving

dlnp
=0 1.47

o (1.47)

For large integers m > 1, we may use the Stirling approximation for the factorials,
m
In(m!) ~ mlnm —m m! ~ V2rm (@) (1.48)
e

This leads then to n,, = oV, which is an unsurprising result. The derivation of it is left as an exercise.

Fluctuations

What is more important is to look at the approximate probability near the maximum n,,. By
definition, we have, using the Taylor expansion formula,

Inp(n) = I p(nm) + (1 — 1) (5 lnp>n_nm 4 ()’ (aQ lnp>n_nm Yo (1.49)

on 2 on?

and the first derivative is zero. The second derivative is necessarily negative for n,, to be a maximum.
Therefore, we may introduce a quantity o, through

1 0%Inp

so that near the maximum value n,,, the probabilities for the values of n are Gaussian-distributed

p(n) = p (ny,) exp [(712:2’”)] (1.51)

It is left to the reader to show that o, = \/Na(l — ), but the important point, already noted,
is that o, o< VN while n,,, « N, and therefore the probability to find n significantly far away (i.e., a
few o) from the mean goes down rapidly as the size of the system increases.

on 1
— x =<1 1.52
—— (1.52)

1.6.2 Free particles in a box
Description of the system

Consider a single particle of mass m, free to move around in a rectangular box of size L, x L, x L.
The "free" character means that there is no interaction potential applied to the particle. Its wave func-
tion v (7, t) obeys the time-dependent Schrédinger equation
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2

h2

given that U = 0. Obvious solutions to this equation are plane waves of the form 10

b (7t) = Aexp [z (E.F—wt)] (1.54)

provided that we have the following dispersion relation between the angular frequency w and the
wavevector k, or equivalently the wavenumber k = ||k|]|,

fik?
w =

=5 (1.55)

The angular frequency is related to the particle’s energy € and the wavevector is related to its momen-
tum through the de Broglie relations

€= hw 7= hk (1.56)

so that we find that the energy of the particle is just its kinetic energy, since there is no potential
energy is this situation.

h2k2 p2
€= om " om (1.57)

Such plane wave solutions are stationary

P (7t) = ¢ (1) x(t) (1.58)

with the following form for the spatial and temporal parts, respectively,
- L€t
¢ () = Aexp (zk’ : F) x(t) = exp (—i) (1.59)

Quantization

The possible values of k are those that comply with the imposed boundary conditions. With the cho-
sen set of basis functions (complex exponentials), we must work with periodic boundary conditions 1,
stating for instance that ¢(0,y, z) = ¢(L,,y, z). We therefore have

exp [i (kpLy + kyLy + koL.)] = exp [i (kn X 0+ kyLy + k. L.)] (1.60)

and so exp (ik,L,) = 1, which means that k, L, must be an integer multiple of 27. Applied to all
three directions, this means that the wavevector must take the form

21N, 21y 2mn,

k= a : 1.61
Lxe+Lyey Lze (1.61)

10. These are basis solutions, the general solution is any linear combination of these, owing to the linearity of the
Schrédinger equation.

11. If we had used so-called strict boundary condtions, where the wave function vanishes at the boundaries, we would
have found sine functions with a quantization dependent on three positive integers ng, ny, and n.. These strict conditions
are however quite unrealistic, as is discussed in Diu et al., appendix Il.
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where n,, n,, and n, are three signed integers in Z. Obviously, in this case, a state |¢) is defined
through the specification of the triplet (n;,n,,n;), and the energy is

h? n 2 n 2 n 2
€(ng,ny,n.) = 2 % 472 l(;) + (Ly> + (LZ>
T Y z

(1.62)

v

FIGURE 1.4 — Computation of the density of states for a free particle in a box

The density of states is most easily computed by considering first the cumulative density ®(¢), that
is the number of states whose energy is at most €. Now the energy is directly related to the length of
the wavevector, whose endpoints are at the nodes of a grid, and so this number is simply the ratio

4 3
o) - - 3" _VE V. ame\ Vavm? ), 1.63
(6)_21X21X21_67r2_6? h2 =33 (1.63)
L, L, L.
By derivation, we then have the density of states
Vm3/2
(1.64)

ple) = m\/E

We note that if the particle has a spin s, this density of states must be multiplied by a factor 2s +1 in
order to take into account the spin states, in which case we have

\/5‘/7713/2 3/2 (25 ar 1)Vm3/2

328 ple) = V2m2h3 Ve (1.65)

Q) =(2s+1)
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Extension to the case of N free particles

Now, consider N such free identical particles in the same box, and assume that these do not interact,
which is essentially saying that we are dealing with an ideal gas. We suppose however that these particles
are distinguishable, i.e., that one can tell a given particle from another. This is not faithful to reality as
we will see later, but leads to simpler computations. A given state is then specified by the N wavevectors
of the different particles, i.e.,

10) = [ B, B ) (1.66)
and for each wavevector we have the quantification condition

- 27Tnm 5 27T7’LZ"1/ . 27‘(’112"1; .

;= " . 1.67
Laﬁ €z + Ly €y Lz e ( )
so the state may also be written as |€) = |n1 4, 71,4, 71,2, - - - s WN, 2 Ny, MN,2), and the energy is
B2 N 2 K2
E,= — k2 = 1.68
‘= om ; ' 2m ( )

where K is a 3N-dimensional vector. The same approach used in the single-particle case can be
extended, and the cumulative density of states reads

K
Dy (FE) = (25 + 1)NV3N7() (1.69)
A’UgN
where V3 (K) is the volume of the 3N-dimensional sphere of radius K
[ omE\ 3N/2
and Avsp is the volume of the 3N-dimensional "brick" around a given possible node for K
(27.‘.)3N
AU3N = VN (171)

We have also introduced the counting of spin states for the N particles by throwing in the factor
(25 + 1)N. We therefore have

CnVN (2mEN*N?
and the density of states reads
pn(E) = AyVNE3N/2-1 (1.73)
12

which grows very fast as the energy increases <.

12. For completeness, we give the full expression for this density of states, writing out the A constant explicitly,

3N / m \3N/2 (2s+1)NVN _

pr(B) = (%hz) ( BN) E3N/2-1 (1.74)
r (% +1)
where
o0
I(z) :/ ettt (1.75)
0

is Euler's Gamma function. This function has the following two important properties

Iz 4+ 1) = zI'(z) vneN T'(n+1)=n! (1.76)
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Microcanonical ensemble

In this chapter, we discuss the microcanonical distribution, that is the probabilities of the various
microstates for a macroscopic system that is completely isolated, i.e., that cannot lose or gain energy
nor particles.

2.1 Definitions

2.1.1 Control parameters

Consider a macroscopic system S. There are some parameters affecting this system that an outside
operator may be able to control, for instance its volume V, or the pressure P that is applied to it.
From a statistical point of view, these are "exact" values, not probabilistic ones, although of course
they are not perfectly known and are affected by experimental uncertainties. These are called control
parameters.

2.1.2 Conserved quantities

For an isolated system, some of the properties of the system are conserved, although not easily or
freely imposed by the operator. Such are the energy F, the number of particles N or the mass M of the
system. These keep the same value throughout the experiment, so in a sense they are akin to control
parameters.

2.1.3 External parameters and internal variables

The control parameters and conserved quantities may be collectively called external parameters,
and they are fixed throughout the experiment. The quantities that are free to fluctuate due to thermal
motions of the particles are on the other hand called internal variables. Such is for instance the density
of particles in the vicinity of a given point in the volume. These must be treated in a statistical way,
and given probabilities to take certain values.

Depending on the situation, a given quantity may be an external parameter or an internal variable.
For instance, in a rigid box, the volume V' is an external parameter but it becomes an internal variable if
the box is closed by a piston applying a given pressure (which is then the external parameter). Similarly,
if the box is thermally isolated, the energy E is an external parameter, but if the box is in contact with
a thermostat (see next chapter) at temperature T, this temperature is the external parameter and the
energy becomes an internal variable.

Both external parameters and internal variables may be extensive, meaning that they scale linearly
with the number of particles in the system, or intensive, meaning that they do not. By imagining
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two identical systems merged into a single one, one may decide whether a variable is extensive or not.
In the former category, we have the volume, the energy, and entropy for instance, while temperature,
pressure, and density are examples of intensive variables. As the density n = N/V shows, the ratio of
two extensive variable is intensive.

External parameter
Internal variable

%

U

1/]// SIS I S]]
/1)) ,//////// ////f///// /)
yyys /) ///////////// /)
/)] 1)) NIy
vy SIS ST / /
vy, LSS
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SIS ) /

vy Yy, ////

/
/)

7 7 7 7 7 77 7
/ / /] // / (1))
/ / /// Yyyi / / // /////
/ /) ///////// Yy ///// //
/) /// // / / /) /
'/ / / //r//// /// / // /////////
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/7 / / /
/ /T //J /// / //J/ iy

FIGURE 2.1 — External parameters and internal variables. In the top left, volume is an external parameter
and pressure is an internal one. In the top right, it is the opposite. In the bottom left, energy is an
external parameter and temperature is an internal one. In the bottom right, it is the opposite.

In statistical physics, it is essential to carefully define the system and the conditions that are applied
to it. Depending on these choices, the proper approach may vary, as we will see in the next chapters,
and the computations may be quite different.

2.2 The microcanonical distribution

2.2.1 Isolated system

A system is isolated if it exchanges no energy or particles with the outside world. In that case, the
number N of particles and the energy F of the system are fixed (and in general so is the volume V
because the change in volume implies work done on the system, and therefore a change in its energy,
generally).

The accessible microstates |¢) are those for which the energy Ey lies within the range [E, E + 0F]
where §F is the experimental uncertainty affecting the measurement of the fixed energy. The question
is now to find out what the probabilities p, of these various microstates are.
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2.2.2 Fundamental postulate

To answer this question, statistical physics postulates, on a fundamental level, that for an isolated
system all accessible microstates are equally probable. Writing the number of accessible states as
Q(E;F), this means that

E ¢ [E,E+0E] = p;=0 B €[B,E+0E] = p=g (2.1)

(E;0F)

Given that we have no further information on the system than what its total energy is, this choice
of equal probabilities seems logical (see the discussion about statistical entropy in the previous chap-
ter). Indeed, there is no reason to think a state |¢) to be privileged over another |¢’) if they are both
compatible with the macroscopic constraint on energy.

Q(E;0F)

1)

+

Ey € [E,E + 0E)] Ey ¢ [E,E + 6E]

State space

FIGURE 2.2 — The fundamental postulate states that all accessible microstates |¢), in the blue-coloured
subset of the space of states, are equally probable.

2.2.3 Microcanonical entropy

Applying the definition of the statistical entropy (1.15), we find

1 1
S=—kpY pilnp,=—kpy gl (9) (2.2)
14 0

which leads to the famous Boltzmann formula giving the microcanonical entropy

S =kpnQ (2.3)
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Now, the number of accessible states is not only a function of the energy, but also of the other external
parameters, i.e., N, V, or any other parameter x. Introducing the density of states p from the relation

Q(E,V,N,2;6E) = p(E,V,N,2)5E (2.4)
we may also write the microcanonical entropy as
S=kplp+kglndE =~ kglnp (2.5)

Indeed, taking as an example the case of N free particles in a box, we recall that py(E) oc E3N/2-1
and therefore the first term is linear in the number of particles and is completely dominating the second,
whatever the unit used to measure energy. Of course this is only true when the density of states is a very
rapidly increasing function of the energy. In fact, one can also write the entropy using the cumulative
density,

S=kplnd (2.6)

It should be stressed that the energy E considered here is the internal energy, i.e., that of the system
in a reference frame where it is at rest. In a reference frame where the system (of mass M) has a total

S=8 (E - 5\2) (2.7)

because the number of accessible states is independent of whether the system is macroscopically at rest
or in motion.

momentum ]3 the entropy is

2.3 Properties and behaviour of an isolated system

2.3.1 Statistical distribution of an internal variable

Consider an isolated system S, with fixed energy F, number of particles N and volume V. We may
be interested in determining the possible values of the number n of particles within a fixed volume v
inside the system. This is an internal variable, assigned with probabilities p(n). To keep the discussion
more general, we consider any internal variable Y, taking values y, and ask what are its probabilities
p(y). Since this internal variable may be continuous, we seek the probability density w(y) such that
dp(y) = w(y)dy is the probability that Y takes values between y and y + dy.

The number of accessible states for S is 2(E), but among these only w(E, y) = u(FE, y)dy are such
that y, (the value of Y in state |¢)) lies within [y, y + dy], as shown in Fig. 2.3. Therefore, we have

_w(Ey) 1

dp(y)

so that w = u/Q). Obviously, we have the normalisation condition

/U(Ew)dy = Q(E) (2.9)

We may interpret w(FE,y) as the number of accessible states if, on top of E, V, N, ..., the variable Y’
were also fixed at the value y. We may thus define a partial microcanonical entropy

s(y) = kpIn[w(E, y)] (2.10)

which may be used to express the probability dp(y) as

PR ) o
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Q(E;0F)

E; € |[E,E + 6E]

Ye € [y,y + dy] )

+

Eu ¢ [E, E + 6E)

Ep € [E,E + SE]
yer & ly,y + dy]

State space

FIGURE 2.3 — While the blue ensemble is that of accessible microstates, the yellow ensemble is the
subset of w(FE,y) such accessible microstates for which y, € [y, y + dy].

This shows that the most probable value of Y is that which maximizes the partial entropy. Writing y,,
for this value we have the following Taylor expansion in the vicinity of y,,

(y B ym)2 825

s(y) = s(ym) + == a—yQ(ym)Jr... (2.12)

with the second derivative being negative as it is a maximum. We may therefore introduce the notation

1 1 8%s

=T 2.13
22~ hp g (Um) (2.13)
and this leads to writing the probability dp(y) or w(y) in the vicinity of the maximum (in fact wherever
the probability is not negligible) as a Gaussian distribution

) s [—(y;j’”)] (2.14)

The value of Y at the maximum is a function of the external parameters, y,, = ym(E,V, N, z).
Its dependence on the number of particles may be written as y,, < N% with @ = 0 if the variable
is intensive and o = 1 if the variable is extensive. Entropy is itself extensive, so the width of the
Gaussian scales as

828 71/2 N 71/2 o
The relative fluctuations then scale as )
- (2.16)
Ym. N
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FIGURE 2.4 — Gaussian distribution for an internal variable

and are therefore very small for any macroscopic system. As we see, this is valid whether the variable
is intensive or extensive. To be more specific, in the Taylor expansion of s(y) in the vicinity of its most
probable value, i.e, y — y,, ~ 0y, the successive terms are of order

o"s o"s N

Tm(y7’l) X Ggaiyn(ym) o Nren/2 - Ni-n/2 (2.17)

(Y = ym)" Nrna

which shows that the development is fast converging and indeed there is very little chance for y to
deviate significantly from y,,. Note that this reasoning may be at fault when the maximum entropy is
reached at the boundary of the domain of variations of y (see the example of the Joule & Gay-Lussac
expansion below).

2.3.2 Relaxation of an isolated system

In this section, we show why the entropy increases necessarily in the evolution of an isolated system
towards equilibrium. To fix ideas, consider a situation where an isolated box is initially separated in two
compartments by an infinitely thin, insulated wall that is blocked in place. In one compartment we have
a gas filling the volume V that is accessible to it. The number of particles is N and the energy of the
gas is F. In the other compartment (volume V) is a vacuum (no particles, zero energy). At t = 0 we
remove, with negligible work, the peg that held the wall in place and the latter is now able to freely
move (no friction). This process is called a Joule & Gay-Lussac expansion. The gas will push on the
wall until it fills the whole volume V' + Vj. During this process, the energy F and number of particles
N remain fixed, but the volume occupied by the gas is an internal variable V' that starts at V' and will
eventually end up at V + Vj. More generally, we may consider what the effect of such a relaxation of
an internal variable is on the entropy of an isolated system, that is of relaxing a constraint on a variable
X (here the volume V). We start from w(E, z;dz) = u(E,z)dz which is the number of accessible
states for which X takes values in [z, z + dx]. We note that u > 0. The total number of states for
which X lies between x4 and g > x4 is then

B
B, 24, 25) = / (B, 2)dz (2.18)

A
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FIGURE 2.5 — Joule & Gay-Lussac expansion

By relaxing a constraint, we allow the system to occupy states covering a broader range of values® for
X, ie, [2/y, 5] with 2’y < x4 and 23 > x5. Therefore

u(F,x)dx > / uw(E,x)de = QUE,za,25) = (2.19)

A

T
@ = (B 1) = |

TA

This may be represented schematically as in Fig. 2.6. The same goes for the logarithm of €2, that is
the entropy, which can thus only increase in the evolution of an isolated system, S’ > S. This is most
generally written in the following form

s >0 (2.20)

2.4 Equilibrium between two sub-systems

2.4.1 Temperature and thermal equilibrium
Equilibrium condition

Consider an isolated system at equilibrium. Its microcanonical entropy S(E,V,N,z,...) may be
used to define the microcanonical temperature T' from the relation

1. In our example, the volume occupied by the gas could be anything between 0 and V initially, and anything between
0 and V + V4 in the end.
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FIGURE 2.6 — The relaxation of a constraint on an internal variable X, from [z 4, zp] to [z/y, 23] with
z'y < x4 and 2’z > xp leads to an increase of the number of compatible microstates, from the yellow
subset to the green one.

1 0S5
7=(55) .. i

It may be shown that in all physically-sound cases, the temperature is positive, T > 0. We discuss
this later on in this chapter.

Now consider two systems S; and S, that are both isolated, with respective parameters (Eq, V1, Ny)
and (Fs, V2, N2), and weakly coupled. This means that the energy of the union is

FE (Sl U 82) = E1 + E2 + E12 ~ E1 + E2 (222)

i.e., we neglect the interaction energy F1o between the two systems. This may of course not be possible
in the case of long-range interactions such as gravitation in astrophysical systems. The conditions for
such a weak coupling hypothesis are that forces are short-range? and that the systems are reasonably
large in all dimensions (i.e., they are not sheet-like for instance, in which case surface effects may occur).

In this case, the number of accessible states for the union of the two systems is simply the product
of the numbers of accessible states for each system separately, since we can choose one state for each
system independently from the other. We thus have

Qs,us, = Os,8s, (2.23)

and the Boltzmann formula leads to showing that entropy is extensive

2. Coulomb interactions are long-range, and stronger in magnitude than gravitation, but they are effectively cut short
by screening effects (Debye length).
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FIGURE 2.7 — Two sub-systems of an isolated system

S&USz = Sl a4 52 (224)

Now consider that we relax the constraint on the adiabaticity of the wall separating the two systems.
The volumes V; and V3, and the numbers of particles N; and N remain fixed external parameters, as
well as the total energy E = E; + E5. However, the energy of each system now is an internal variable.
Since the sum of the two is constant, we may focus on just one of them, say F;. The most probable
value E ,, for this variable is the one that maximizes the entropy

S(E17 ‘/17 Nla V27N2a E) = Sl(E17 V17 Nl) + SQ(E27 ‘/27 NQ) (225)
taken as a function of E. Writing explicitly the condition for finding the maximum, we have

0S _ 05, 08, _ 05 08 (0BEy\ _0S 98 _ 1 1 _, (2.26)
OE,), OE, 0B, T\ T '

9E, 0B, " 9B, 0E, | 0B,

The equilibrium condition is therefore that the temperatures are equal, 7} = T5, or more explicitly,

Ty (Evm, Vi, N1) =T (E — Eq m, V2, Na) (2.27)

This equation may be solved to determine the value Ej ,,, of E; at equilibrium. It also justifies that
the quantity 7" defined this way is indeed a temperature : it is equal for the two subsystems that are
allowed to exchange heat. We note that temperature, just like entropy, is a quantity that is statistical
in nature. It requires a macroscopic system to acquire its meaning.

Stability condition

We may also derive a stability condition by explicitly writing that we seek a maximum (the tempe-
rature equality only made use of the fact that S reached an extremum), i.e.,

9*S 928y | 9%5,

0F;  OE} = 0FE3

<0 (2.28)
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Assume that the two systems are identical, so that, by symmetry, their energies at equilibrium are
identical, £y = E», and so are their entropies. The above relation gives
%8’
OE"?

2 <0 (2.29)

where E’ and S’ are the energy and entropy of each of the systems. Since this can be done for any
splitting of any system, provided that the sub-systems remain macroscopic and that their couplings
remain weak, we conclude that the stability condition above simply reads

9?S
OFE?
We call this a stability condition because if we start from the equilibrium and transfer some energy 0 F
from one system to the other, the change in entropy is
025, 0%9,
—+ == <0
0Bz | 9E3

<0 (2.30)

2
55:5E[

: (2.31)

and so the entropy ends up smaller in that displaced state, so that the natural evolution of the system
will bring it back to the initial state.
Now this second derivative of entropy with respect to energy may also be written as

5 _ 0 (05\ _ 0 (1) __ 10T (2.32)
OF2  O0E\OE) OE\T)  T20E '
so the stability condition is equivalent to the positivity of the heat capacity at constant volume

aE
2.
Cy ( > " >0 (2.33)

The direction of heat exchanges is such that heat flows from the "hot" system to the "cold" one.
This may be found by considering graphs of T} and T5 as a function of E;. As noted, the positivity of
the heat capacity means that 77 is an increasing function of F1, and T5 is also an increasing function
of E5. However, since F; = E — E1, Ts is a decreasing function of E;. The equilibrium point is where
the two curves meet. If initially Tél) > Tl(l) we are to the left of this point, E; increases from its initial
value to the final one. If on the other hand we initially have TQ(i) < Tl(i) we are to the right of the
equilibrium point and E; will decrease. We note that the final temperature is always in between the
initial temperatures of the two systems.

2.4.2 Generalization - Pressure and chemical potential

By definition, the pressure P and chemical potential i of an isolated system are determined from
other derivatives of the microcanonical entropy

P _ (05 po (08
T~ (av)E,N,z,.._ T- (aN) (2:34)

It is easy to verify that the pressure and chemical potential thus defined have the correct dimen-
sions (energy per unit volume and energy per particle, respectively). The identification of that pressure
with the one defined from kinetic theory is not immediate, but is ensured by the recovery of the ideal
gas equation of state, as we shall see later on. To ensure stability, pressure at equilibrium is necessarily
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FIGURE 2.8 — Temperatures vs. energy of the first sub-system

positive, P > 0, but the chemical potential may be either positive or negative, depending on the system
under study.
We note that for any other external parameter z, it is possible to define a conjugate force X by

X _ (95 (2.35)
T Oz E,V,N,...

To determine the equilibrium conditions, consider an isolated system S that is made up of two sub-
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FIGURE 2.9 — Allowing two subsystems to exchange volume, particles, and energy

systems S1 and Sy that are initially completely isolated from one another, and imagine that at t = 0
we allow the wall separating the two sub-systems to move and let through both particles and heat. This
means relaxing all constraints on volume, particle number, and energy for each sub-system, provided
the sums £ = Fy + E5, V =V, + V5, and N = N; + Ns remain constant since the complete system
is isolated. The internal variables are then E7, V1, and Ni. The entropy of the system is considered as
a function of these variables

S(Ela‘/laNl) = SI(E17‘/1aN1) +SQ(E_E17V_ ‘/13N_N1) (236)
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and at equilibrium the entropy is maximum with respect to these variables, so

oS 08 0S5
0E, ovy 0Ny 0 (2:37)

leading, as we did earlier for temperature, to the following equalities

P P M1 o
T —T _ K1 F2 2.38
e A T T (2.38)

and therefore to the equality of temperatures, pressures, and chemical potentials

T1 = T2 P1 = P2 H1 = U2 (239)

These allow in turn to determine the values of the maximally-probable energy Ej ,,,, volume Vi,
and number of particles Ny ,,. The direction of exchanges of volume and particles may be derived quite
similarly to what was done for heat exchanges earlier, by writing out the first order entropy variation
away from equilibrium and assuming that thermal equilibrium is already achieved. By allowing only vo-
lume exchanges or particle exchanges, it is straightforward to show that, when returning to equilibrium,
the system with greater pressure gains volume and the system with the largest chemical potential loses
particles. We leave it to the reader to show this.

Note that if the two systems are separated by an adiabatic piston, there is nonetheless some energy
exchange between the two subsystems due to the work of pressure forces. It is therefore quite challenging
to imagine an exchange of volume at constant energy. The same is true of particle exchanges through
a porous wall, since particles carry energy along with them.

2.5 Examples

2.5.1 The perfect paramagnetic crystal

—_
a

Poeoe s
SRS
boboes

FIGURE 2.10 — The perfect paramagnetic crystal

Entropy and canonical temperature

Reprise the system discussed in the previous chapter, where IV independent atoms at fixed positions
are assigned spins, with s = 1/2, that can be either pointing "up" or "down" in an ambiant magnetic
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field B = Bé,. The magnetic moment ji may take the value ué, ("up" state) or —pe, ("down" state).
We write ny for the number of atoms in the "up" state and n_ = N — ny for the number of atoms
in the "down" state. The associated energies are e, = —uB and e_ = uB, respectively. The energy of
the macrostate is a function of one parameter, say n,, with

Eny)=einy +e-n_ =puB (N —2ny) (2.40)
and the corresponding number of accessible states is

Q(ny)=Cx" = M (2.41)

Since the system is isolated, F and N are fixed, so n, is fixed as well. Using the Stirling formula for
the factorials, we have the entropy

Sa~kg[NInN—-nyInny — (N —ny)In(N —ny)) (2.42)
From this we may compute the temperature, i.e.,

195 _ 9S8 ony

_ _ N _ ks
T35~ 3n. oD =[-Inng +1In(N —ny)] x ( > (2.43)

2uB

and from there derive the number of "up" state and "down" state atoms3

() > ()

xp | —— Xp | ———

A U A W 7 ) 2
2 cosh (:BT> 2 cosh <:BT)

We note that the temperature is negative if n,. < N/2, which corresponds to E > 0,

2uB 1

ke In (N - 1)
Ny

In fact, S is an increasing function of E for negative energy, but a decreasing one for positive energy,
as shown in Fig. 2.11. In this latter case, we have a population inversion, in that there are more spins
with a higher energy e_ than there are spins with a lower energy .. The occurrence of such negative
temperatures is a necessary consequence of the finite number of states (here, just two) for each particle.

T =

<0 (2.48)

3. The derivation starts by rewriting the equation defining T" as

2uB
In ( Nt ) = L (2.44)
N — n kBT
so that, isolating n4 we have
2uB uB uB
P\ kpT P\ kpT P\ kpT
ny =N B = = =N B (2.45)
2uB uB uB uB
l4+exp| —— exp| ——— | +exp | —— 2cosh | —
kT kT kT kT
The computation of n_ = N — n is straightforward and leads to
uB uB uB
P\ T TP\ T kpT TP\ hpT
n_=N|1- B =N B =N B (2.46)
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Indeed, this means that the energy of the system not only has a lower bound, but also an upper bound,
with finite entropies both, so that S(F) necessarily presents a maximum in between, and thus a range
of energies for which the entropy decreases as energy increases. No such thing happens in the case
of an infinite number of individual states. In real physical systems, particles have kinetic energy that
can increase indefinitely, so negative temperatures only apply to specific degrees of freedom (here, the
particles’ spins). To make this a clear distinction, one would speak of a spin temperature.
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FIGURE 2.11 — Entropy of the perfect paramagnetic crystal as a function of total energy E.

Magnetization and magnetic susceptibility

The magnetization M of the system is defined as the mean magnetic moment per unit volume,

_ (png —pn_) _ pN pB
M= v =5 tanh "pT (2.49)

At low temperatures, this leads to uN/V which means that all magnetic moments are aligned parallel

to the applied field. At high temperatures, M goes to zero because magnetic moments can thermally
flip easily from an "up" to a "down" state and vice-versa, so that on average there are as many up spins
as there are down spins. The magnetic susceptibility x is the coefficient of proportionality between
the magnetization and the applied magnetic field at low field, i.e.,
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FIGURE 2.12 — Magnetization of the perfect paramagnetic crystal.
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This is the Curie law. We will return to this system in Chapter 9.

2.5.2 The ideal gas
Equation of state

Consider an ideal gas of N monoatomic particles enclosed within a volume V, and with total energy
E. This total energy is only made up of the kinetic energy of the particles, since the gas is ideal (no
interactions). As already computed, the density of states is then

pn(E) = ANVNE3N/2-1 (2.51)

and the microcanonical entropy is then
3
S:kBlnpN%NkB an+§lnE +,Z€BIHAN (252)

Remembering the expression of the constant Ay, we note that

3N 3Nkp m 3N

Using Stirling's formula for the last term and neglecting terms that are of order In N compared to those
of order IV, we have, after some simple manipulations left to the reader as an exercise,

3 E 3 m 3 3 E

The microcanonical temperature is computed from the derivative of S with respect to E,

1 9S 3Nk

T OE 2E

(2.55)
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which leads to the well-known expression of the system'’s (internal) energy as a function of temperature
3
E= §N/€BT (2.56)

and to the heat capacity at constant volume

OFE 3

The equation of state is also obtainable from the definition of the pressure (left as an exercise)

PV = NkgT (2.58)

Ideal mixture of ideal gases

Let us consider a mixture of two ideal gases, such that there are no more interactions between
particles of different types than there are between particles of the same gas. This is an ideal mixture.
In the volume V, there are N; particles of the first gas, with total energy E;, and Ny particles of
the second gas, with total energy F5. The mixture being ideal means that the total energy is simply
E = E1 + E», and this is constant if the whole system is isolated, as we assume. Note that F; and
E5 are internal variables, since energy exchanges between the two gases are nevertheless possible. Then
the density of states of the mixture is

P(E) x VN1+N2E3(N1+N2)/2—1 (259)

a formula that we leave to the reader to obtain, from the density of states of an ideal gas of N particles
given in (1.73). From there, we obtain the microcanonical entropy

3
S = leB [fl + hlV] + NgkiB [62 + h’lV] + §(N1 + NQ)]CB In ( (260)

N1+N2>

where & and & are constants depending only on the masses m; and ms of the particles. Further on,
we obtain the temperature and pressure,

3
E= §(N1 + No)kgT PV = (N1 + N2)kgT (2.61)
which are the same as for a simple ideal gas, replacing N by the total number of particles. From this

we define the partial pressures

NikpT NokgT
= P2 =

P
! % %

(2.62)

The Gibbs paradox

It may not have escaped the reader that the expression of the entropy is not extensive. This is a
problem that is best underlined by considering the evolution of an ideal mixture of two gases that are
initially separated in two distinct compartments. Removing the wall, particles of the two gases mingle,
and the entropy in the final state is larger than in the initial state. The variation AS > 0, which we
leave to the reader to compute, is called the entropy of mixture. Now imagine these two gases are in
fact identical. The macrostates before and after removing the wall are then identical, so we should have
AS = 0. This is the Gibbs paradox that can only be solved by taking into account the fundamental
indistinguishability of the particles, as we shall see.
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2.6  The case of an isolated system in macroscopic motion

2.6.1 Conditions for statistical equilibrium

For completeness, we discuss here briefly the important case of an isolated system S undergoing
macroscopic motion. The conditions for it to be in statistical equilibrium may be derived by dividing it
into infinitesimal (but still macroscopic) volume elements, labelled with an index a.. At any given time,
each of these contains a certain number of particles N, encloses a given total energy E,,, is located at
a certain position 7, and is imprinted with a momentum P.,. Over the whole system, the assumption
that it is isolated implies conservation of the total energy F, number of particles N, momentum P, and
angular momentum L. Now, as time goes by, the different volume elements may exchange particles,
energy, momentum, and angular momentum. The condition for statistical equilibrium of the system
implies that the entropy must be maximum with respect to the various variables E,,, N,, and P,. This
can be expressed together with the conservation of E, N, P and L using the method of Lagrange
multipliers already seen in the previous chapter. We shall not give the full derivation here, but the reader
is encouraged to do this as an exercise. The physical interpretation of the results of this procedure is
that for the system to be in statistical equilibrium requires :

— the temperature to be the same everywhere;

— the system to move in solid body rotation, without deformation, about a principal axis of inertia;

— the sum of the chemical potential and the centrifugal potential to be the same everywhere.

2.6.2 Consequences
Rotation about the axis of maximum moment of inertia

Note that in the center-of-mass frame, the entropy is a function of £/, N, and L only, and reads

I‘:2
§S=5|E-57.N (2.63)

where I is the moment of inertia of the axis about which the system rotates. From this, it is easy
to see that, in statistical equilibrium, for a given energy, number of particles, and angular momentum,
rotation occurs about the axis for which I is maximum.

Positivity of the temperature

For simplicity, consider a case where the system is studied in its center-of-mass frame, and does not
rotate. Its entropy reads as the sum of the entropies of the various volume elements,

P
S = ;Sa (Ea - 2mN@> (2.64)

subject to the fact that the sum of all momenta is constant, and null in this case. Should the temperature
(which must be the same for all volume elements), be negative, the various S, would be decreasing
functions of the corresponding internal energies. Consequently, by increasing the different momenta, and
therefore decreasing the internal energies, the S, would increase, which would be the natural evolution
of the system. It is not difficult to imagine that this means an explosion or implosion of the system.
Stability of the equilibrium therefore imposes that 7' > 0.
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Canonical ensemble

In this chapter, we discuss the canonical distribution, which gives the probabilities of the various

microstates for a system that is in contact with a thermostat, that is a (much larger) system

imposing its

temperature to the system. This means that the system is free to exchange energy with the thermostat,

but the other parameters (volume and number of particles) are fixed.

3.1 Canonical distribution

3.1.1 Thermostat and canonical temperature

Y :

T

/ SIS

FIGURE 3.1 — A system S in contact with a thermostat T

7

Consider a system S that is in purely thermal contact with a much larger system T, which is called

a thermostat (or heat bath). The number of particles N and the volume V of S are fi

xed external

parameters, while its energy E is now an internal variable. We assume that the coupling between S
and 7T is weak and that the total system SUT is isolated so that the total energy Esy = E + E7 is

conserved and is therefore also an external parameter, whose value we will write Ey. The
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is much larger than S implies that
E < Esyr = Eo = Et (31)

As a result, energy exchanges have little effect on the thermostat, so the microstates of 7 are virtually
independent of the state of S. We may consider the microcanonical entropy of T as S (Ey — F) and
derive the microcanonical temperature of the thermostat as

Tr = <(9ST> e Tr(Ey — E) (32)

The thermostat would be perfect if its temperature did not depend on the energy content of the system
S with which it is in contact. A Taylor expansion helps to quantify this through
1 1 0%Sr
—(Fy— F)= —(Fy) — F—=-(FE 3.3

In this expression, the first term on the right-hand side is of the order ~ N7 /Ny = 1, while the second
term is of the order ~ NNy /N7 = N/Ny < 1. In that limit, T’; becomes independent of E, and is
therefore an external parameter for the system S. We will write it T in this case.

To summarize, in the microcanonical framework, E, V, and N are external parameters, and we
derive the temperature T' as an internal variable. In the canonical framework, the external parameters
are T, V, and N, and the energy F is now an internal variable.

3.1.2 Probabilities of microstates of S

We write |¢) for the microstates of S, and |L) for the microstates of 7. These have respective
energies Fy and Ep, and the total energy is Ey = E;, + E, in the weak coupling regime. The states
of the full system are noted |¢, L), and their probabilities p, ;, are determined by the microcanonical
distribution, since the full system is isolated,

1

= 3.4
PeL = Qo7 (Eo) (34)

For S to be in a state |¢) whose energy is Ey, the thermostat must be in a state |L) such that its
energy is

Ep = Ey— Ey (3.5)
within the experimental uncertainty 6 E. There are basically Qr(Ey — E;) such states, so
Q7 (Ey — Ey) [ST(EO - E@>:|
P QT (Eo) P kp (3.6)

inserting here the microcanonical entropy of the thermostat. Now, since Fy < Ejy, we may write this
entropy as a Taylor expansion

oS E
S1(Eo — Ey) = S7(Eo) — EgaTT(EO) + ...~ Sr(Ey) — % (3.7)
T
and the probabilities of the various microstates of S are then
— ! . Eﬁ
pe = C"exp ( kBT) (3.8)

The normalisation condition states that the sum of these probabilities is unity, which implies that
1 E,
=— e 3.9
be ZeXp< k;BT> (39)
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where we have introduced the canonical partition function
Ey
Z=Y exp (—kBT) (3.10)

These probabilities constitute the canonical distribution?.

All microstates |¢) are accessible, but their probabilities depending on the energy E,, the most
populated states are the ones with lowest energy. The ratio between the probabilities of two different
states |£) and |¢') is

pe (Be—Ev)| _ _AFE
o exp [ T | exp T (3.11)

Therefore if the energy difference between the two states is |AE| < kgT then both states are si-
milarly probable, p; & py, while if |AE| > kpT then the lower energy state is much more probable
than the other one. Orders of magnitude to keep in mind are that kg7 = 1eV corresponds to the
very high temperature of 7'~ 12000 K, and that room temperatures T' ~ 300 K correspond to about
25meV.

3.1.3 Distribution of an internal variable

As a typical example of an internal variable, we may consider the case of the energy E of the
system S. The probability p(E) for the energy is the product of the probability (3.9) by the number
of states whose energy is E, i.e., the degeneracy g(E). Between E and E + dF, this degeneracy is
g(E) = p(E)dE, so the probability is

1 E
p(F) =w(E)dE = — €XP <_kBT>p(E)dE (3.12)
introducing the probability density w(E) for the energy. Note that this is possible only because the typical

energy difference between two successive levels is much smaller than kgT'. The partition function may
then be written as an integral over the energy

Z = %:exp <_k§€T) = g(Er)exp (—lj’T) = /p(E) exp (—kBET>dE (3.13)

Consider the case of a macroscopic system S at room temperature. The energies involved are typically
1J > kT so apart from the few levels close to the fundamental E, = 0, the exponential factor
in the probability distribution for E in equation (3.12) is negligible and is therefore a fast decreasing
function of E. However, it is multiplied by a fast increasing function of energy, that is p(E) oc E*V.
Consequently, w(E) peaks at some finite energy E,, that we mean to determine?.

To do that, we write the logarithm of the probability density, and seek its maximum

o [w(E) 0 E L 198
0E  OF ksT kT ' kp OE

0 (3.14)

1. It may be shown that the only two distributions of probabilities that do not depend on the choice of the zero-level
energy are the microcanonical and canonical ones. We also note that while the microcanonical approach requires the
system to be macroscopic, the canonical approach may be applied to a microscopic system provided the coupling with
the thermostat is weak.

2. This reasoning is akin to that leading to the Gamow peak in nuclear reactions.

43



E, FE E,,

v

FIGURE 3.2 — Canonical probability, density of states, and distribution of the energy.

where S*(E) = kpln[p(E)] is the microcanonical entropy of the system S. The last term in the
equation above leads to the appearance of the microcanonical temperature T of S, defined by
1 o5
T* OF
so that the most probable value E,, for the energy of S is the one for which this microcanonical
temperature is equal to the canonical temperature imposed by the thermostat

(3.15)

T*(Ep) =T (3.16)

Similarly to the previous discussions, we may write the probability distribution of the energy in the
vicinity of E,, through a Taylor expansion, leading to a Gaussian distribution

E—E,,)?
(19) = (5 e [—(2)] (3.17)
20y
where the standard deviation is
1 925" 2
OE = [k:B@E2 (Em):| (3.18)
3.2 Partition function and Helmholtz free energy
3.2.1 Definitions
Partition function
As already introduced, the canonical partition function is defined as
Z(T,V,N,..)=> exp _ B (3.19)
) ) b |£> kBT
or, if the energy may be considered as a continuous variable (in a macroscopic system),
> E
Z(T,V,N,...) :/ p(E) exp (—)dE (3.20)
0 k'BT
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A very common and useful notation is the following, for the inverse temperature,

1
S 3.21
b= (321)
with which the partition function may be written in the more compact forms
Z(B,V,N,...) =) e PP Z(B,V,N,...) :/ p(E)e PEAE (3.22)
1) 0
We note the useful relation between derivatives with respect to 8 and T,
0 0
— 7T 2
0B oT (3.23)

Helmholtz free energy

The Helmholtz free energy F' is defined from the partition function Z through the relation

F(T,V,N,..)=—kgTIh Z (3.24)

We note how this definition is similar to that of the microcanonical entropy S = kpIn{ with res-
pect to the number of accessible states £2. We also note that the definition of F' is such that

e P = Z e PEe (3.25)
€)

which shows that, in a way, I is some kind of mean energy of the system. However, this is not exact,
as we shall see shortly.

3.2.2 Properties of the system
Mean energy

The mean energy of the system is, by definition,

1 10 107
EN=SN "Ep == Eje P — _— BB — 22 2
(E) =Y Ewmy ZE ve 795 > e 7 98 (3.26)
1€) 1€) [€)
so that we have finally
olnZ
(E) = — o8 (3.27)

As exercises 3, we leave it to the reader to show that the mean energy may also be written as fol-

lows using the Helmholtz free energy
oF

EyY=F-T— 3.31
() ol (331)
3. The demonstrations are as follows, first for the mean energy
olnZ 1o} oF oF
(E) a8 86[5 ] +Baﬁ 3T (3.28)
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and that the variance of the energy is
0?InZ
oh = ((E—(E))?) = o5 (3.32)
Heat capacity at constant volume

The heat capacity at constant volume may be computed from the free energy as

_ (0(B) L, O*F
= (7).~ o7 .

Distribution of an internal variable

Consider an internal variable Y. The probability for it to take the value y is the following sum of p,
that extends over the microstates |¢) in the subset £, for which Y takes on the desired value,

1
_ _ —BE,
pw) = > p= Z > e i (3.34)
lyeLly lyeLy
This may then be interpreted as p(y) = z(y)/Z where
)= Y e (335)
lyeLly

is the partial partition function, limited to the set of microstates £,. From this we may define a partial
Helmholtz free energy f(T,V,N;y) = —kpTIn[z(y)] and the most probable value y,, of y is the
one that minimizes this partial free energy. We shall see shortly why the equilibrium state is the one
minimizing the Helmholtz free energy.

Canonical entropy

Similarly to what was done to come up with a microcanonical entropy, it is possible to use the
canonical distribution (3.9) to define a canonical entropy,

S =—kg Zpg In pe (3.36)
B

This may be shown to be related to F' and the mean energy (E), since

1 (E) — F
SszZpg(an—FﬂEg):kBan—FTZngg:T (3.37)
1€) 1)
and therefore we have the relation already known from thermodynamics
F=(E)-TS (3.38)
where the last equality is from (3.23). Then, for the variance, we compute
1 _ 1 092 _ 10%7
<E2>:%E§MZE%E§6 EEZZETB? (%e ﬁEz) 2567,32 (3.29)
which we use to finalize the computation of
Pz 9 [10z] 1 (9Z\*® 10°Z 5 o 2
a5 =95 |zas) =z (55) T zam =N =0k (330)
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Canonical pressure and chemical potential

Much like what was done in the microcanonical framework, we may define a canonical pressure
and a canonical chemical potential from the following relations.

oOF OF
<aV)T,N,_. 8 <8N>T,V,_.A (539)
For completeness, we note that the last partial derivative is the opposite of the entropy
oOF
S=—-[— (3.40)
T )y ...

3.2.3 Spontaneous evolution of a system

Consider the system S in thermal contact with the thermostat 7. The complete system SUT is an
isolated system, so if a constraint internal to S is relaxed, the microcanonical entropy Ssy7 can only
increase on the path towards the equilibrium, as we saw in the last chapter. Now this entropy is

Ssur =~k »_ perinper (3.41)
le,L)
where the sum extends over all microstates |¢, L) of the complete system and these states’ probabilities
are pg.;, = pepr.(Eo — Ep), with Ey = Ep + E, the total energy of the system. From this we have
Ssur = —kp Y, pepr(Eo — Er) npe + In [p(Eo — Ey)]] (3.42)
|¢,L)
which we may rewrite by separating the sums over the states of S and the states of T,
Ssur=—kp Y _pelnpe Y pr(Eo—Ee) — ks Y _pe»  pr(Eo— E)InlpL(Eo — Ep)]  (3.43)

&) |L) 1€) |L)

The first sum in the first term is related to the entropy of the system S, the second sum is unity due
to the normalization condition for the states of the thermostat compatible with the energy of S, and
the second sum in the second term is related to the entropy of the sole thermostat 7T, so

Ssur =S+ peS7(Eo — Ex) (3.44)
€)
In that last sum, the entropy S+ may be developed in the vicinity of Ey since E; < Ejy, so

Ssur =S+ _p {ST(EO) - ?] =S5+ 57(Eo) — @ = S7(Eo) — g (3.45)
1€)

Since S7(Ey) is a constant, the relaxation of an internal constraint leads to an increase of the entropy
Ssu7 of the complete system, or, equivalently, to a decrease of the Helmholtz free energy I of the
system S on the path to equilibrium.

dF <0 (3.46)
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FIGURE 3.3 — Relaxation of constraints in the canonical approach

As an application, we consider the case of a system S made of two sub-systems S; and S, sepa-
rated by a wall that is rendered mobile and permeable to particles at t = 0. The quantities V; and N;
are now internal variables susceptible to change in the process. The volume and number of particles in
the other subsystem are Vo =V — Vi and Ny = Ny — Ny. The free energy of the system is

F(V{), AN'()7 T, Vl, Nl) = Fl(T, Vl, Nl) + FQ(T, Vé, NQ) (347)
where the additivity is left to the reader to demonstrate. At equilibrium, we have the two conditions

oF oFr

which lead to the equalities of the canonical pressures and chemical potentials in the two sub-systems,
P1 = P2 M1 = U2 (349)

The stability of the equilibrium requires conditions on the second derivatives of the free energy, so that

it is effectively a minimum,
0*F >0 0*F
oV ON?
which may be written in terms of derivatives of the chemical potential and of the pressure. Using more
general notations, we must have, for the equilibrium to be stable

o oP
—_— —_— 51
(aN)T,V,... =0 (aV)T,N,... <0 (3.51)

>0 (3.50)

3.3 The thermodynamic limit

For macroscopic systems, there is an equivalence between the microcanonical and canonical des-
criptions. That is the thermodynamic limit. By macroscopic systems, we consider that both V' — oo
and N — oo while the density N/V remains constant.

The reason for this equivalence lies in the fact that in this limit, the fluctuations of an internal
variable become negligibly small, and the Gaussian distribution of its possible values extremely peaked
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around the mean (also most probable) value. Therefore, there is virtually nothing to distinguish this
variable from an external parameter, whose value is fixed by definition.

As an example, in the microcanonical approach, E, V, and N are fixed and the microcanonical
temperature is an internal variable T*(E,V, N). In the canonical approach, the fixed parameters are
T, V, and N, and we computed the mean energy (E)(T,V, N) from equation (3.27). If fluctuations
of T*(E,V,N) in the microcanonical approach and of (E(T,V, N)) in the canonical approach can be
neglected, the relation between the four quantities is the same in both approaches, i.e.,

This is particularly useful for the resolution of problems, as one can use the statistical description in
which computations are easier. We shall see an example later on.

3.4 Canonical description of independent particles

3.4.1 Setup

Consider N identical particles that are independent, that is, we may neglect the interactions between
them. The Hamiltonian of this system then reduces to a sum of terms, each related to one particle only

N
M= Hi+V (", . . in~> H (3.53)

i=1 =1

This system of N particles is considered in the canonical description, so we picture it as being in
thermal contact with a thermostat imposing the temperature T'. The possible states for each individual
particle are labelled |)\), with energies €). The system in its entirety is then described by a state

|€) = |A1,...,AN) with an energy Ey = €\, + ... + €x,, since there is no interaction energy. The
partition function is then
Z =Y et (3.54)
1€)
This may be rewritten in a form that underscores the role played by individual states
Z= Y eflenterani= N ehou L xe o (3.55)
ALy AN) ALy AN)

Now if the summation were over the individual states, it would be usually easy to compute, at least in
the case of a perfect gas with no external field, but the summation is over the states of the system of
N particles, and that summation depends critically on whether particles are distinguishable or not.

3.4.2 Distinguishable particles

In the former case, for instance if all particles are assigned at a given spatial site and cannot move
significantly away from it, the individual state of particle i is independent of that of particle j. In that
case, the state [£) = |A\1,..., Ay) can be thought of as a "product" |¢) = |A1) X ... X |An) and the
partition function may be written as such

N N
7 = HZ@‘B% = I:IIZZ — (3.56)

i=1[X;)
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where z is the partition function for each individual particle

z= Z e~Per (3.57)

|A)

As an example, consider the case of a system of two particles a and b, each possibly in one of three
states, with energies €, €1, and €2. The partition function reads

7 — ¢~ Bleoteo) + e—Bleoter) + e~ Bleote2) + .+ e~ Blezteo) + e—Bleater) + e Bleater) (358)
which does indeed factorize into
Z = (e Py ePa 4 67ﬁ62)2 = 22 (3.59)

The free energy of the system is then
F=—-NkgTlnz (3.60)

3.4.3 Indistinguishable particles

When particles are not distinguishable, two possibilities arise. Either these particles are fermions,

with half-integer spin® s, or they are bosons with integer spin. Examples of the former are electrons,
for instance, with s = 1/2, while “He nuclei are bosons. The wave function of fermionic systems
must be fully antisymmetric, i.e., it must change sign when two particles are exchanged (positions,
momenta, spins), which leads to Pauli’'s exclusion principle, while that of bosonic systems must be
fully symmetric.
Now consider how this must affect the counting of possible states in the partition function Z. For that
consider a system of two particles, a and b, each one being possibly in one of three states |\1), |A2), and
|A3). Looking at Fig. 3.4, that shows the possible states of the complete system, the indistinguishability
of the two particles implies that states |A) = [A1, A2) and |B) = |A2, A1) are actually the same state,
and should be counted only once. The case of state |C') = |A3, A\3) depends on whether these particles
are bosons, in which case this state exists and counts as one state, or if they are fermions, in which
case this state does not exist and should therefore not be counted in the partition function.

3.4.4 The Maxwell-Boltzmann approximation

The above discussion regarding states | A) and |B) points to a simple "fix" of the indistinguishability
problem. Since states where two particles are exchanged should be counted only once, we may simply
divide the partition function Z = 2V of the distinguishable case by the number of permutations of a
set of N particles, i.e., N!. This is the Maxwell-Boltzmann approximation

ZN

Zne = T (3.61)

Considering the discussion of state |C), it appears clearly that this will be a good enough approxi-
mation if there is little chance that two particles may occupy the same individual state, so if the
average number of particles (V) in a given individual state |\) is small, i.e.,

(Na) <1 (3.62)

4. We recall that pure quantum states |¢)) are such that the applications of the S? and S, operators (squared spin
modulus and spin projection on a given axis) give S2 |¢)) = s(s + 1)h2 [¢) and S, |¢) = s, |+p) with s > 0 the spin of
the particle, and s, takes one of 2s + 1 possible values between —s and +s.
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FIGURE 3.4 — Counting states in the indistinguishable case.

Since in a macroscopic system, we have N > 1 this means that in practice there should be infinitely
many individual states for this approximation to be valid. Consequently, it will not apply to systems
where the temperature is too low, because in that case the lower-energy levels will be over-populated.
So the Maxwell-Boltzmann approximation is valid at high temperature only.

To be more quantitative, we note that the probability to find a given particle in a given individual
state |A) is

e—Bex 6
= 3- 3
bx . ( )
so that the average number of particles in that state is
NeFex
(Nx) = Npx = — (3.64)

For this to be much smaller than one for any individual state, it suffices and it is necessary that it is
the case for the fundamental level, whose energy is ¢, i.e.,

NeBeo
z

<1 (3.65)

which may be rewritten as follows,
Y el s N (3.66)
BV
showing that there should be a lot of states (many more terms than N in the sum), and that 3 should
be small (for these terms to be non-negligible), i.e., the temperature should be large.

3.4.5 Example : the monoatomic ideal gas
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As an example, we consider an ideal gas of IV identical, independent, indistinguishable particles,
within a box of volume V' in thermal contact with a thermostat at temperature T'. The Hamiltonian of
a single particle in this case is just the kinetic part

p?
H, = = .67
2m (36)

and the individual states are characterized by the momentum or the wave vector, which are quantized,

7 21N 5 2mn; .y 21,
T €z + €y + €z
L, L, L,

(3.68)

and the spin projection s; , which may take one of 2s + 1 values, so we may write symbolically |\;) =

Ei, slz> The energy of this state is

2 27.2
=5t = F;:L (3.69)
Partition function, de Broglie wavelength, and Maxwell-Boltzmann approximation
The single-particle partition function is then the discrete sum
2 = Zefﬁ“i (3.70)
[A:)

and may be written as an integral over the individual energy €, by introducing the density of states
already computed in (1.65), with the additional factor 2s + 1 due to the spin states,

(25 4+ 1)Vm?/?

€)= ————1/e 3.71
ple) = B Ve (3.71)
We then have the single-particle partition function (assuming ey = 0)
z= / ple)e Pde (3.72)
0
We leave it to the reader to show® that this expression amounts to
(2s+ 1)V
=y (3.77)
where we have introduced the de Broglie thermal wavelength
orh? \ '/? h
N R 78
mkpT V2mmkgT

5. The demonstration is as follows, starting from the integral expression

oo (oo} A oo
z= / AV/fee Pede = AV/ \ /357”% = TV;/ Vrze *dx (3.73)
0 0 B B B3 o
where 3/2
2 1
A= @2s + Hm*/= (3.74)
V2r2h3
We then use the integral
/ Vze Fdr = g (3.75)
0
to obtain 3/
2s + 1)m- (2s+ 1)V
— AV (kpr)P2 YT - B UM pysre - Qs DV 3.76
F= AV (kD) 4 = BV ) N (3.76)
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The Maxwell-Boltzmann approximation then leads to the system’s partition function

1 (2s+1)NV¥N

a result that is valid provided the condition of small average occupation number is met, that is,
zeP0 = 2> N (3.80)

which can be tellingly restated as
1/3
d= (V> > A (3.81)

i.e., the typical separation d between two particles is large compared to the de Broglie thermal wa-
velength, which characterizes the spatial extent of the particles under random thermal motions®. This
is also expressible in terms of a condition on the temperature

orh? (N3
kpT > fn (V) (3.82)

Properties of the (classical) ideal gas

From the partition function, we derive the Helmholtz free energy using Stirling’s approximation

_ . \%4 3 kaT
F=—kgTInZ = —NkgT [m <N> +5In ( s ) +1+In(2s+1) (3.83)

and from there the average energy using (3.31), finding the usual result,

(E) = SNksT (3.84)

which may be interpreted as there being an average (translational) energy (€) = (3/2)kpT per particle,
i.e., kgT/2 per degree of freedom. This leads to the heat capacity at constant volume

_O(E) 3
The entropy is now obtained through
_(E)-F
S = T (3.86)

and is given by the following Sackur-Tetrode formula, which is extensive, showing that the Maxwell-
Boltzmann approximation solves the Gibbs paradox,

1% 3 mkgT 5
S = Nkgp [ln (N) +2ln< 52 ) +§—|—ln(23+1) (3.87)

6. Indeed, this is the dz computed from Heisenberg's uncertaintly relation if §p = mdv is taken to be the typical
momentum for thermal motions at temperature T'.
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We recognize that the entropy, mean energy and free energy are linked by the relation known from
classical thermodynamics
F=(E)-TS (3.88)

By computing the pressure from the free energy, we recover the usual equation of state

OF  NkgT
P=—— = 3.89
ov 14 (3:89)
and the chemical potential is given by
oF z
p= 50 =—kpTln (N) (3.90)

3.5 Canonical distribution in classical mechanics

3.5.1 General results

In classical mechanics, a macroscopic system S of N particles is described by 3N generalized
coordinates ¢; and 3N conjugate momenta p;, forming a 6 N-dimensional phase space. For ins-
tance, these coordinates may be Cartesian coordinates (z;, y;, z;), and the conjugate momenta are then
(mw;, , mw;,, mv;_), but this is not necessarily always the case : in a pendulum, for instance, the most
adapted generalized coordinate is the angle with respect to the vertical.

In this context, the equivalent of the Hamiltonian is the classical Hamilton function #(g;, p;) and
the probability dP for the system to be in a state in the vicinity of {g;,p;} is

dP =w ({gi,pi})da1 ... dgsndps ... dpsn (3.91)

The phase space density w ({g;,p;}) is the classical equivalent of the probability p, for a quantum
state |¢), and is proportional to e=#* in the canonical approach, so

6757{

w({gi,pi}) = A (3.92)

where A is a constant that stems for the normalization condition for the probabilities,

A= / dqi ...dgsndp; ... dpsye P7HaP:) (3.93)

That constant is undoubtedly related to what we would call a classical partition function Z, and in
fact should be proportional to it. However, it is not exactly the same, since Z is dimensionless, while
A has the dimensions of an action to the power 3N. So there must exist a constant with the proper
dimensions that allows to convert from one to the other. We admit that this constant is h3"V, which
may be seen as the elementary volume in phase space. Consequently, in classical statistical mechanics
in the canonical approach, we have

1

7 = W /dQI ...dgsndpy ... dpgNe_ﬁH(qi’pi) (394)

Now, this is only valid for a system in which particles are distinguishable. Indeed, taking the case
of independent particles, Hamilton's function is separable into

H(qi,pi) = H1(q1,01) + ...+ Hn (@N, PN) (3.95)
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In that case, the partition function computed above reads

N

1 a_ - L
7= szmg / PqdPpe @R | = N (3.96)

and we would get a non-extensive expression for the entropy, the already mentioned Gibbs paradox.
The solving of this paradox in classical statistical mechanics is to divide by N! as was done in the
Maxwell-Boltzmann approximation for the quantum treatment. It should be noted that this is not an
approximation here, because the probability for two particles to be in the exact same state is rigourously
zero since these states are described by continuous variables. Therefore, for a system of N identical and
indistinguishable particles, we have the partition function

1 1

Z=-——— [dg.. dgsndp;...d —BH(ai.pi) 3.97
N (27rh)3N/ a1 g3Ndp1 D3N€E ( )

If, moreover, the particles are independent, this factorizes into

SN
where the single-particle partition function is
1 2 a1y (e
*= Gerp / d3qd®pe—A(@P) (3.99)

Specializing even further, and considering that we deal with a perfect gas, Hamilton's function is just

the kinetic energy, so
1 Bp? 1% 3
= A S . _ 1
z i) /dx dy dzdp, dp, dp. exp ( 2m> (2rh)? {/ dp; exp ( )] (3.100)
(3.101)

Bp?
2m

Performing the Gaussian integration, we obtain’

v

Z:F

where A is the thermal de broglie wavelength already introduced. This classical treatment is valid if
characteristic actions in the problem are much larger than 7. Here, the typical length is the distance
between particles [ ~ (V/N)'/3 while the typical speed is the thermal one & ~ +/3kgT/m so the
typical action is

) 1/3
I xmd~/mkgT (X/,) > h (3.102)

so this is the same condition as that for which the Maxwell-Botlzmann approximation is valid.

3.5.2 Energy equipartition

Assume that Hamilton's function is quadratic in some momentum p,,, that is, it may be written as

H(qi,pi) = apl, +b (3.103)

7. Note that we did not consider the particles to have any internal structure, and in particular we ignore their spin,
which explains the lack of the factor 2s + 1.
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where a and b might be functions of the other dimensions of phase space ¢; and p;, but not of p,,. We
may show, and the reader is invited to do so as an exercise, that the canonical average of the quadratic
term is simply kgT/2, i.e.,

. kpT
(ap) = / Hd% dpjapy,e”Har) = 20 (3.104)

With the same reasoning, we find that if Hamilton's function is quadratic in some generalized coordinate
Gm, i-e. H(gi,pi) = a’q?, + b, where, similarly, a’ and b’ might be functions of the other dimensions of
phase space ¢; and p;, but not of ¢,,, then

kT
<a Qm - A/Hd%dpz@q € —hH (¢I1 pl) _T (3105)

This is what is meant by saying usually that each degree of freedom carries a typical thermal energy
kT /2. It may be applied to an ideal monoatomic gas, since its energy is quadratic in all momenta,
separately, and there are 3N such momenta for a system of N particles, so that

3
(B) = (H) = 5 NkpT (3.106)
When internal degrees of freedom are thermally accessible, these provide supplementary kpT'/2 terms.
For instance, in a diatomic ideal gas where the two rotational degrees of freedom are excited,

(B) =(H) = gNkBT (3.107)

As a further example, we consider the case of the one-dimensional harmonic oscillator, for which Ha-
milton’s function is

p2 1,
=2 4+ —k 3.108
I 2m + 2 v ( )
and therefore the mean energy per oscillator is (¢) = kgT'. In a system with 3N oscillators, such as a

crystal containing N atoms, we thus have

(E) = 3NkgpT (3.109)

and therefore the heat capacity at constant volume in this model is a constant, C, = 3Nkp, which
yields the Dulong-Petit law. We note that this is only valid when the potential energy is indeed har-
monic, close to the miminum. When moving away from the minimum, anharmonicity effects may render
Hamilton’s function non-quadractic in the generalized coordinates, and the equipartition theorem no
longer applies.
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Grand-canonical ensemble

In this chapter, we discuss the grand-canonical distribution, which gives the probabilities of the
various microstates of a system that is in contact with a reservoir of both heat and particles, that is a
much larger system imposing its temperature and chemical potential to the system. This means that the
system is free to exchange energy and particles with the reservoir, but other parameters, in particular
the volume, are fixed.

4.1 Grand-canonical distribution

4.1.1 Reservoir

The system S under study is assumed to be in contact with a much larger system R with which it is
possible to exchange both energy and particles. We assume that only one type of particles is exchanged
between S and R, and that the complete system SUTR is isolated. As a consequence, the total energy
and number of particles are fixed quantities

E+ Er = E) N+ Nr = Ny (4.1)

The system R is a particle and energy reservoir if Eg > E and Ng > N for all values of £ and N
that have non-negligible probabilities of occurring.

/)

/} Particles

FI1GURE 4.1 — Grand-canonical setup
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Microcanonical entropy of the reservoir
The microcanonical entropy of the reservoir may be computed to first order in E and N,

5572 aS’R
Sr(Eo — E, Ny — N) = Sr(Eo, No) — E-7~—(Eo, No) — N~ (£o, No) (4.2)
0FRr ONg
which allows to introduce the microcanonical temperature Tk and chemical potential ux of the reser-
voir, both taken at the values (Ey, Ny) of the reservoir's energy and particle number

Sr(Eo — E,Ng— N) ZSR(EO,NO)—T*‘*‘*N (4.3)

The system R acts as a proper reservoir if ug and Tr do not depend on the values of the energy E
and number of particles IV in the system S. This means that, for instance,
TR TR

Tr(Eo — E,Ng — N) = Tr(Eo, Ng) — E——(Eo, No) = N -~ (Eo, No) = Tr(Eo, No) (4.4)
8ER 8NR

Now the terms to be neglected are indeed much smaller than the zeroth-order term, provided N <« Ng,

TR N TR N
E—(Eg,Ng) ~ —Tr < T, N—(Ey,Ng) ~ —Tr < T, 4.5
GER( 0, No) Na R R GNR( 0, No) Na R R (4.5)
A perfect reservoir, in the limit Ngx — oo would have constant temperature and chemical potential.
We may regard these as fixed external parameters and write T = T and p = ug to stand for the
grand-canonical temperature and chemical potential, imposed by the reservoir to the system S.

The different statistical ensembles

We recall that in the microcanonical approach, E, V, and N were fixed, and the fundamental
quantity was the microcanonical entropy S(E, V, N), from which we derived (as we just did again), the
microcanonical temperature and chemical potential. In the canonical approach, the fixed parameters
were T', V', and N, and the fundamental quantity was the Helmholtz free energy F'(T,V, N') from which
we derived quantities such as the average energy (E). Now, in the grand-canonical approach, the fixed
parameters are T', V/, and u, and it is reasonable to ask what the fundamental quantity is from which
me may derive an average energy (E) or number of particles (V).

4.1.2 Grand-canonical distribution

The system S is in equilibrium with R, that imposes its temperature and chemical potential. We
look for the probabilities p, that the system is in a given microstate |¢), which is characterized in
particular by an energy E, and a number of particles N,.

We assume that the coupling between S and R is weak. A microstate of S U R is written |, L)
where |£) is the microstate of S and |L) is that of R. The probability of that combined microstate is
given by the microcanonical distribution, since S UR is isolated,

1

~ Qsur(Eo, No) (46)

De,L
but what we are after is the probability py, and in this state of S the energy of the reservoir must be
E;, = Eq— Ey, within the experimental uncertainty § E' on the total energy, and the number of particles
in the reservoir must be Ny, = Ny — N,. There is no "uncertainty" in this latter case because numbers
of particles are discrete quantities. Consequently,

Qr(Eo — Eg, Ng — Ng) x exp Sr(Eo — E¢, No — Ny)
Qsur(Eo, No) kp

De = (4.7)
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The Taylor expansion of the microcanonical entropy of R was already computed in (4.3) so we have

E, Ny
_ L 4.8
beecexp ( kpT ' kpT (48)
Using the normalization condition, we finally write the grand-canonical distribution as
1 E, puNg
_ = _ g 4.9
pe EGXP< T kT (4.9)
where we have introduced the grand-canonical partition function
E; | plNg
== S SR 4.10
%:eXp ( T | kaT (4.10)

4.1.3 Internal variables
Number of particles

Let us consider the probability p(N) that the system’s number of particles is N, = N. This may be
computed from the sum of py, restricted to the appropriate set of states,

eBuN

o= B(Ee—pNy) _ e BEe (4.11)

[ =

p(N)= > m= =

{16)INe=N} {10IN=N} {16)INe=N}

=

The remaining sum is obviously the canonical partition function for the chosen number of particles N,

P(N) = S 2(1,V, ) (412)

(1]

Now we may ask what is the most probable value of N. This value N,, is the one maximizing p(N)
found above, so it is also the one that maximizes In [p(IN)]. Since = does not depend on N, this is
equivalent to finding the value maximizing

BuN +InZ = B(uN — F) (4.13)

since F' = —kgT In Z. The equation to solve is then

0 oF

7(NN_F):M—67N:

o 0 (4.14)

which simply means that IV, is the value of N for which the canonical chemical potential u. (T, V, N,,),
defined in (3.39), is equal to the chemical potential 1 imposed by the reservoir. This may be (at least
formally) inverted to give N, as a function of T, V, and p.

As usual, if the system S is macroscopic, the distribution of p(IV) is Gaussian around the mean and
most probable value N,,, with

p(N) = (4.15)
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where the variance is given by the following formula, which may be worked out as an exercise,

-1
0%F
2 =kpT <> (Nmm) (4.16)
N B m
ON? )1y I
The relative fluctuations of the number of particles in the system are of the order
ON 1
—_—~ — 1 4.17
N, "~ < (4.17)
p(N)
7 N
>
ON

> N

Np,

FIGURE 4.2 — Distribution of the total number of particles in the grand-canonical approach

Other internal variables
For any other internal variable Y, the probability that it should take a given value y is given by

ply) = eI (4.18)

(11| —

{l1&)|ye=y}
but this does not lend itself to any simpler form in the general case. It must be computed specifically

for each variable.

4.2 Grand-canonical partition function and potential

4.2.1 Definitions
As already stated, the grand-canonical partition function is defined by

- Ee. /JNtz
E(T,V,p) Zexp ( T kBT) (4.19)
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This can be re-written in terms of the canonical partition function Z(T,V, N) as a sum over N,

BTV, =Y, >, e PN =N "oNZ(T,V,N) (4.20)
N {|6)|N.=N} N

where we have introduced the fugacity ¢ = ¢#. The sum in the above equation only has a theoretical
interest, since if we know the canonical partition function Z(T',V, N) we already are able to derive all
there is to know about the system.

From the grand-canonical partition function, we may define the grand-canonical potential as’

J(T,V,p) = —kpTIn= (4.21)

4.2.2 Properties of the system

Using the quantities defined above, we may derive the average number of particles and the average
energy of the system, their standard deviations around the mean, as well as define the grand-canonical
entropy and pressure.

Average number of particles

This is defined as

1 11
(N) = ZNepé == ZNge_ﬂ(Ef_“N‘) = :5;/; Z e~ PEe—uNy) (4.22)
1) BE - 1)
which shows that it may be obtained through
10ln= aJ
(N) = 3 on ~ on (4.23)
Average energy
Using the same line of reasoning, we have
Oln=
55 = (N = B) = p(V) = () (424)
and therefore the average energy is
OlngE 1 0 0
E) = u(N) — =~ |u — B~ |InZ 4.2
() = i) = 252= = 5 ug — 8| m (4.25)
Standard deviations
The standard deviations of the number of particles and the energy are given by
1 9?In= pd 97’
2 2 =
domlar b= (b o) e (20

The reader is invited to obtain these expressions as an exercise.

1. Note that in some texts, it is written W(T, V, u) or Q(T,V, ) (not to be confused with the number of accessible
states in the microcanonical approach).
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Grand-canonical entropy

To determine the expression of the grand-canonical entropy, we start from the general expression
for the entropy, in which we specify the values of the grand-canonical probabilities

1 -
S=—kpY pilnp,=—kpy =e PF#NI[B(uN, — Ey) — InZ] (4.27)
1) Cha

From this, we recognize the average number of particles, average energy, and we have

1 E) — u(N)—J
S=—={E)—pu(N))+kplhE = (B) = pN) = J (4.28)
T T
This may be written in a form that is more familiar from classical thermodynamics
J=(E)—TS — u(N) (4.29)
Infinitesimal variation of J
We have the following partial derivatives (that may be computed as an exercise)
(W) _ 5 (8‘7> — (V) (4.30)
oT Vi o VT
and we define the grand canonical pressure as
oJ
P=—-— 431
(8V)T”u. ( )

This pressure is equal to the microcanonical and canonical pressures in macroscopic systems. This allows
to write the infinitesimal variation of J as a function of those of its natural variables T, V, and u,

dJ = —8dT — PAV — (N)du (4.32)

4.2.3 The case of two separate or weakly coupled sub-systems

Consider a system S consisting of two sub-systems S; and Sa, that are separated by a fixed wall,
and weakly coupled. The whole system is in contact with a reservoir R, that imposes its temperature
and chemical potential, so we have 51 = 82 = 3 and 1 = pe = p. The state |¢) of the system S may
be thought of as a pair of states for each of the two sub-systems, i.e., [£) = |¢1,0s) = |¢1) ® |£3). The
energy and number of particles of the system are simply

E, = Egl + E@2 Ny = Ngl + Ng2 (433)
and the grand canonical partition function then reads

= Z eilB(Eiill’N[) — ZZ e*ﬁ(Egl 7[LN[1)€7[3(E@2 7#]\7@2) — 5152 (434)
|2y [€1) [€2)

(1]

which leads to the additivity of the grand-canonical potential

J=J1+Jy (435)
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FIGURE 4.3 — Weakly coupled sub-systems in the grand-canonical framework

As an application, we may consider the case of a simple fluid, whose thermodynamic state is completely
described by T', V, and pu, and show that its grand-canonical potential has a very simple expres-
sion. Consider two equal volumes V' within the system S. The additivity just demonstrated implies
that J(T,2V,u) = 2J(T,V, ). This means that, generally, for any a > 0, we have J(T,aV,u) =
aJ(T,V,u). In other words, .J seen as a function of V' (with T and p fixed) is a homogeneous function
of order one. This relation may be derived with respect to «,

oJ

0 0
SLIT,aV,) =V x ST 0V ) = ~P(T,aV, p)V = S-ad (T, V. = J(T, V) (4.36)

which gives the following simple expression for the grand-canonical potential

J=—-PV (4.37)

and also shows that the pressure does not depend on V. In that case, the average energy takes the

form
° (E) =TS — PV + u(N) (4.38)

4.2.4 Relaxation of a constraint

We return to the situation of a system S in equilibrium with R, that imposes its temperature and
chemical potential, and assume that some constraint on S is relaxed. The entropy of the full isolated
system S U R will necessarily increase. We ask what the evolution of the grand-canonical potential J
of the system S is. To answer this, we write out the microcanonical entropy of the complete system

Ssur = —kp Z pe,cInper (4.39)
l€,L)

where the sum extends over all microstates |¢, L) of the complete system and these states' probabilities
are po 1, = pepr(Eo—E¢, No—Ny), with Ey = Ey+Ey, the total energy of the system and Ny = N+ N,
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the total number of particles. From this we have

Ssur = —kpB Z pepr.(Eo — Eey, No — Ng) [Inp, + In[pr.(Eo — E¢, No — No)]| (4.40)
[¢,L)

which we may rewrite by separating the sums over the states of S and the states of R (we omit the
dependence of py, on Ey — Ey and Ny — Ny for readability)

Ssur = —kp > pelnpe Yy pr—kp Y ped prinpy (4.41)
1€)

|L) 1) |L)

The first sum in the first term is related to the entropy of the system S, the second sum is unity due to
the normalization condition for the states of the reservoir compatible with the energy and number of
particles of S, and the second sum in the second term is related to the entropy of the reservoir R, so

Ssur =S+ > peSr(Eo — Er, No — Np) (4.42)
€)

In that last sum, the entropy Sz may be developed in the vicinity of (Fy, Np) since E; < Ey and
Ny <« Ny, so

E N, E N J
Ssur = S+z€>:pe [SR(E07NO) - % + MT[} = S+ Sr(Eo, No) — %4'% = Sr(Eo, No) — T
(4.43)

Since S (Ey, No) is a constant, the relaxation of an internal constraint leads to an increase of the en-
tropy Ssur of the complete system, or, equivalently, to a decrease of the grand-canonical potential
J of the system S on the path to equilibrium.

dJ <0 (4.44)

4.3 The thermodynamic limit

We already saw that for macroscopic systems, there is an equivalence between the microcanonical
and canonical descriptions called the thermodynamic limit. By macroscopic systems, we consider that
both V' — 0o and N — oo while the density N/V remains constant. We recall that the reason for this
equivalence lies in the fact that in this limit, the fluctuations of an internal variable become negligibly
small, and the Gaussian distribution of its possible values is extremely peaked around the mean (also
most probable) value. Therefore, there is virtually nothing to distinguish this variable from an external
parameter, whose value is fixed by definition.

In fact, in this limit, all statistical descriptions (microcanonical, canonical, grand-canonical, . ..) are
equivalent when studying a system at equilibrium, and we may choose the most interesting approach
to perform this study.

— In the microcanonical approach, E, V, and N are fixed, the thermodynamic potential of
interest is the entropy S(E,V, N), and the microcanonical temperature, pressure, and chemical
potentials are internal variables T*(E,V,N), P*(E,V,N), and u*(E,V,N).

— In the canonical approach, the fixed parameters are T, V, and N, the thermodynamic poten-
tial of interest is the Helmholtz free energy F(T,V,N), and we computed the mean energy
(EY(T,V,N) from equation (3.27) and the canonical pressure P.(T,V,N) and the canonical
chemical potential u.(T,V, N) from Eq. (3.39).
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— In the grand-canonical approach, the fixed parameters are T', V', and p, the thermodynamic po-
tential of interest is the grand-canonical potential J(T, V, 1), and we computed the mean energy
(EY(T,V, ), mean particle number (N)(T,V, u), and grand-canonical pressure Pgc(T,V, 1)
from equations (4.25), (4.23), and (4.31), respectively

For a given system, say a monoatomic perfect gas, we can work out its properties such as the

equation of state or the relationship between energy, volume, temperature, and pressure in a fashion
that depends a priori on the experimental conditions. For instance, assuming that the system is isolated
we would work in the microcanonical framework and we would (and in fact did) find that

_ 2E
" 3Nkp

*

(4.45)

Now, we could think of the system as being in contact with a thermostat and compute the mean energy
in the canonical framework, finding that

(E) = gNkBT (4.46)

We see that the equation relating 7%, E, V, and N in the first approach is identical to the one relating
T, (E), V,and N in the second approach. Generalizing, we can formally think of the external parameters
and internal variables, grouped under X, as being related in the different statistical descriptions through
functions (Fumc, Fo, Fac) such that

Fuc ()?) -0 Fc (X) -0  Fao (X) -0 (4.47)

The thermodynamic limit states that for macroscopic systems, the fluctuations of internal variables
become negligible, implying that these functions become identical

Fue = Fe = Fac (4.48)

4.4 Identical, independent, indistinguishable particles

4.4.1 General results
Setup

We consider a system of independent particles, which means that the Hamiltonian is just a sum of
terms, each related to one particle only

N
H=> H (4.49)
=1

and we assume furthermore that the particles are identical, which means that all terms of the Hamilto-
nian are identical V(¢, j) H; = H;. Given a single particle whose Hamiltonian is H, we write |)) for its
individual states, and ¢, for their respective energies. For the complete system S, we write |¢) for the
microstates, that are characterized by the numbers N of individual particles that are in a given state
|A), i.e., [€) = {N1, Na,...,Ny,...}. Obviously, we have

N@ZZN)\ EZ:ZN)\E/\ (450)
[A) [A)

Note that we are already implying that the particles are indistinguishable by stating that a microstate
of the system is given by the number of particles in each individual state rather than by the different
states of individual particles.
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Grand-canonical partition function

The expression of the grand-canonical partition function is straightforward to derive

2= e PEuN) NN N Qe [ B[ Yo Maer—ud Ny (4.51)

1€) Ni N2 N () [A)

The important thing to notice here is that in the grand-canonical framework, we are not constrained
by the total number of particles being fixed. In (3.4), we were stopped by this : once we had chosen
N7, the number of particles in the ground state, Ny was restricted and depended on the value of Ny,
which rendered the computation impossible. Here, we may (a priori) choose the number of particles in a
given individual state completely independently from the other states. Consequently, the above relation
is directly factored into

E=]]& (4.52)
[A)

with &, the grand-canonical partition function for the individual state |A)

&y = Ze—BNA(EA—M) (4.53)
N

Note that in the canonical framework, we had found a relation for distinguishable particles, where the
factorization was done on the individual particles,

2IE (4.54)

where z; was a sum over the individual states. Here, the factorization is done on the individual states,
and the factors £, are sums over the number of particles occupying that state, and as we mentioned
already, the particles are indistinguishable.

Properties of the system

From this we may compute the grand-canonical potential

J=—kgTlhz = —kBTZInf,\ (4.55)
1)

the average number of particles in the system, and the average energy

(N) = (Na)=kpTy alanf (E) = (Ny)ex (4.56)

[A) [A) [X)

In these relations, we have exhibited an important quantity that is the mean occupation number of
an individual state, a quantity that will prove central to quantum gas statistics,

19Iné,
B ou

(Na) = (457)
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4.4.2 Quantum statistics
Fermions

As already mentioned, fermions are particles with half-integer spin. They obey the Pauli exclu-
sion principle stating that there cannot be more than one fermion to occupy a given individual state.
Consequently, for fermions we have only two possibilities

Ny =0 Ny =1 (4.58)
The grand-canonical partition function for the individual states is therefore
=14 Plexm (4.59)
and from there the mean occupation number is the Fermi-Dirac distribution

1

F_
(N3 = Blo—m) 11

(4.60)

We note that, as expected, (N))F' < 1.

Bosons

Bosons are particles with integer spin, and there can be any number of bosons occupying a given
individual state. Consequently, the grand-canonical partition function for an individual state is

0o oo N
F=F e = 3 {e—ﬁ(“—/ﬂ ’ (4.61)
Nx=0 Nx=0

This is an infinite sum that only converges if e=#(¢x=#) < 1, and this must be true for all individual
states |\), so, since 8 > 0, we must have ey — > 0 for all states. This is equivalent to stating that
the ground state has an energy larger than the chemical potential 2

€0 > [ (4.62)

With that condition, the computation of the infinite sum is straightforward,

1
B _
5/\ - 1_ e—ﬁ(fk—ﬂ) (4'63)

and from there the mean occupation number is the Bose-Einstein distribution

1
B _
(N3 = e (4.64)

We note that, as expected, (N,)® may be larger than one in this case.

The important thing to note here is that relaxing the constraint on the total number of particles by
working in the grand-canonical framework has allowed us to perform a computation that was altogether
impossible in the canonical framework.

2. This is because, should the reverse be true, there would be a constant flux of (ground state energy) particles
from the reservoir to the system, effectively preventing any equilibrium. This is connected to the phenomenon of Bose
condensation discussed in Chapter 6.
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The Maxwell-Boltzmann approximation

We recall that the Maxwell-Boltzmann approximation was meant to fix the counting problem of the
indistinguishable case in the canonical approach by dividing the partition function Z by N!, which is
correct provided that the number of particles in a given individual state is (N,) < 1. Considering the
Fermi-Dirac and Bose-Einstein distributions, this is equivalent to having

ePler—n > (4.65)

and in that case the two distributions are very well approximated by the Boltzmann distribution

(N)F & (Ny) B e (N))MB = e=Flea—s) (4.66)

We may show how this approximation is related to the division of the canonical partition function
by a factor N!. Indeed, the grand-canonical partition functions for the individual states are, in the two
cases discussed above,

1
F B B
= =1+ (N 4.67
5)\ 1_ <N)\>F 5)\ < >\> ( )
so that for the full grand-canonical partition function we have
lnE:Zln@\zZ(NA)meﬁ“Ze*BQ = ePry (4.68)
RY) [A) [X)

introducing the canonical partition function z for a single particle. We therefore have

= B AR 2N
E=exp[e’z] = Z ik *= Z ik (4.69)
N=0 """~ N=0 """~

that ought to be compared to equation (4.20), from which we have the expected result

ZN

(4.70)

4.4.3 Grand-canonical description of a classical perfect gas

By "classical", we mean of course that the quantum properties are not relevant, which is simply to
state that the Maxwell-Boltzmann approximation holds. In that case, we have

E = exp [e?2] (4.71)
with z the canonical partition function for a single particle, that we recall here

2s+ 1)V
Lo Xg ) (4.72)

where we use the de Broglie thermal wavelength
2mh?

A= 4.73
kaT ( )
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The grand-canonical potential is then
(25 + 1)V6ﬁ/—‘

J=—kpTInE = —kpTze’* = —kpT e (4.74)
from which we derive the average number of particles
oJ (2s+ 1)V
N)=—""=-BJ=-"""—e 4.75
(V) = —50 = =BT = Ee (475)
and the pressure
oJ J 2s+1
=2 L kT P 4.76
ov v TP A8 (4.76)
Unsurprisingly, we recover the equation of state
PV = (N)kgT (4.77)

We may also compute the entropy, recovering the Sackur-Tetrode formula (3.87), and the average
energy, recovering the expression (3.84), i.e.,

(E) = SNksT (4.78)

The reader is invited to do this as an exercise.

45 The T — P ensemble

This section lies outside of the general pattern of the present chapter, but it presents important
results and relations pertaining to systems in which, besides the temperature T' and the number of
particles N, it is not the volume V that is fixed, but the pressure P. In that sense, compared to
the grand-canonical distribution, this is another generalisation of the canonical distribution, where the
system & is now in contact not with a reservoir imposing 1" and p, but with one imposing T' and P,
and with which it can freely exchange energy and volume. The importance of that experimental setup
is most apparent in the case of systems in contact with the atmosphere, for instance (e.g., chemical
reactions).

4.5.1 Thermal and mechanical equilibrium between two systems

Consider two weakly-coupled systems A and B separated by a diathermal piston. These systems can
therefore exchange volume and energy, but no particles. We assume that A U B is isolated and rigid,
so that

Es+ Eg = Ey Vi+ V=V, (4.79)

where Ey and Vj are fixed. According to equation (2.39), at equilibrium, the microcanonical pressures
and temperatures in both systems should be equal

P4 =Py Thr=1g (4.80)

4.5.2 System in contact with a reservoir of heat and volume
Physical situation

Now, assume B to be much larger than A, and let us rename the two systems, A as S and B as R
so that it is clear that the latter is now a reservoir of energy and volume, imposing its temperature T'
and pressure P to the system S. Indeed, with R much larger than S, the energy and volume variations
of the reservoir due to exchanges with the system do not alter its temperature and pressure.
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T — P distribution

We now ask what the probability w(V)dV is that the system S be in microstate |¢), with energy F
and a volume between V' and V +dV. We note that the volume being a continuous variable, this is a bit
different to what we did in the grand-canonical approach, where particle numbers are discrete variables,
but the principles are the same. This probability must be proportional to the number of microstates of
the reservoir whose energy and volume are adequate, i.e.

(4.81)

w(V)AV o Qg [Eo — By, Vo — V]dV o exp { Sw [Eo —kEe, Vo - V] }dV
B

introducing the microcanonical entropy of the reservoir, which may be expanded to the first order as

8573 0Sr

Sr [Eo — E¢, Vo — V] = Sg (Ey, Vo) — E o OV

= (Eo, Vo) = Vo (Eo, Vo) (4.82)

from which we get an expression involving the reservoir's temperature and pressure

E, PV

Sr [Eo — E¢, Vo — V] = Sr (Eo, Vo) — T T (4.83)
and therefore the expression of the probabilities for the T' — P distribution
dVv E,+ PV
== et 4.84
we(V)dV z exp{ T } (4.84)
where we have introduced the T' — P partition function
E,+ PV

Z T,P,N) dVv 4.85
a.rm = [ Y e o (4.85)

It should be recalled that the energies E, of the microstates of the system may depend on its vo-
lume, i.e., E¢(V), and we note that this partition function involves not only a discrete sum on these
microstates but also an integral on the system's volume V.

4.5.3 Thermodynamic relations

Gibbs free-energy

Similarly to the definition of the Helmholtz free-energy F' from the canonical partition function Z,
or to that of the grand-canonical potential J from the grand-canonical partition function Z, we define
the Gibbs free-energy G from the T'— P partition function

G(T,P,N) = —kpTInZ (4.86)

Average volume and energy

There again very similarly to what we have done already in other statistical ensembles, we may
compute average values of internal variables, in particular the average volume and average energy as

- / VS w(v) (B) = / U BV )w(V)av (4.87)
D)
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These can both be computed from the partition function or Gibbs free-energy

OlnZ 0G OlnZ PolnZ 9G oG
(VY= —kpT— = — (E) = — % +? = —G+B%—P8—P (4.88)

We leave it to the reader to demonstrate these relations.

Entropy

The entropy is computed from the general statistical formula (1.15), adapted to the fact that an
integration over the continuous variable V' is necessary,

S=—kp /Oo AV') " we(V) In [we (V)] (4.89)
0 1)

We leave it to the reader to perform this computation to show that

dlnZ
B

S=kp|InZ-p

The latter relation is more usually written in a form that is more familiar from classical thermodynamics

G = (E)+P(V)—TS (4.91)

Thermodynamic limit

If the system S is macroscopic, the fluctuations of the internal variables are negligible, and these
may be simply identified with their average or most probable values, so that

G=E+PV-TS=F+PV (4.92)

where F' is the Helmholtz free-energy. In the case of a simple fluid, entropy only depends on three
variables, E/, V', and N and since we then have

1 P u
ds = de + ?dV — ?dN (4.93)
the differential of the Gibbs free-energy is straightforward to obtain from G = E+ PV — TS, i.e.

dG = —SdT + VAP + pdN (4.94)

The chemical potential appears as the partial derivative of G with respect to the number of particles,

he (fg]i)np (8,

and since it is an intensive quantity, it can only depend on intensive parameters T' and P, and not
on the sole extensive one N, so u = (T, P) and the Gibbs free-energy has a simple expression
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G(T, P,N) = Nu(T, P) (4.96)

This can also be shown from the fact that G is a homogeneous function of order one in N and of
order zero in T and P, i.e., G(T, P,aN) = aG(T, P, N) and using the same computation we used to
show that the grand-canonical potential for a simple fluid is J = —PV.

4.5.4 Spontaneous evolution towards equilibrium

Imagine that in the system S, whose temperature and pressure are imposed by the reservoir R, some
(other) constraint is relaxed. As was the case for the microcanonical case, where such a relaxation led
to an increase of the entropy dS > 0, in the canonical case, where such a relaxation led to a decrease
of the Helmholtz free-energy dF' < 0, and in the grand-canonical case, where such a relaxation led to
a decrease of the grand-canonical potential dJ < 0, in the T'— P case, this relaxation will lead to a
decrease of the Gibbs free-energy, towards a minimum that is compatible with the remaining constraints,

dG <0 (4.97)

This concludes our study of the various statistical ensembles of interest. In each of these, we exhi-
bited a thermodynamic potential that reaches an extremum at equilibrium :

— The entropy S is maximum in the microcanonical approach (E, V, N imposed)

— The Helmholtz free-energy F' is minimum in the canonical approach (T, V, N imposed)

— The grand-canonical potential J is minimum in the grand-canonical approach (T, V, u imposed)

— The Gibbs free-energy G is minimum in the T-P approach (T, P, N imposed)
Of course, in systems where other experimental constraints are imposed, still another statistical en-
semble may be relevant. The method, however, will be very similar, and the thermodynamic limit for
macroscopic systems ensures that the results will be identical.
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Ideal fermionic gas

With this chapter, we start discussing the properties of quantum ideal gases. A quantum ideal gas is
a system of identical, indistinguishable particles whose interactions among themselves are ignored (that
is what "ideal" stands for). The indistinguishability requires a treatment taking into account quantum
effects depending on whether these particles are fermions or bosons, as explained in the previous chapter.
In this chapter we discuss a fermionic ideal gas, while the bosonic and photonic ideal gases will be
treated in following chapters. As explained earlier, the computations are made much easier by placing
ourselves in the grand-canonical ensemble, so we fix T', V, and pu. Using the thermodynamic limit, we
may then interpret these results in the canonical framework.

5.1 General properties

5.1.1 The Fermi factor

For an individual state |)\), with energy ¢, the average occupation number is given by the
Fermi-Dirac distribution that we found in the previous chapter

1
A\E
< /\> B eﬁ(@\*ﬂ) +1 (51)

By introducing the density of states, we shall work out the various thermodynamic quantities through
integrals over the energy ¢, rather than through discrete sums over states. Consequently, it makes sense
to introduce the Fermi factor

1

NP (6T p) = ——
(&%) Bl 1 1

(5.2)

In the following we may omit the dependence on T and p, and consider it implicitly. As expected,
we have 0 < N < 1. This factor, naturally seen as a function of ¢, is symmetric about the point
(14, 1/2) which means that

NF@2u—e¢) =1-NF(e) (5.3)

The shape of the function is shown in Fig. 5.1. There are two limiting regimes

lim NF(e: T, 1) =1 lim N¥(e:T, 1) = A4
lim N*(& T, ) lim N¥(;T,p) =0 (54)
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FIGURE 5.1 — The Fermi factor

If T is fixed and p varies, the whole shape is simply shifted horizontally, without any deformation. If
is fixed and T varies, however, the symmetry point remains fixed, but the shape changes, approaching
a step function as 7' — 0. In that limit, N¥'(&;0, 1) = 1 for ¢ < p and N¥(e;0, 1) = 0 for € > p. The
speed of the transition between the two limiting regimes mentioned above is inversely proportional to
the temperature, since we have (the demonstration is left to the reader as an exercise)

ONF 1
(1) = —
Oe 4]€BT

(5.5)

The transition itself is therefore occurring over a range of energies Ae ~ 4kgT. Various Fermi factors
corresponding to different temperatures are shown in Fig. 5.2.

5.1.2 Physical quantities

The expressions for the average number of particles and average energy in the grand-canonical
approach are given in equations (4.56), and may be converted into integrals over the energy using the
density of states. For the average number of particles we then have

oo o 1
)= " = [ pONT e = [ pte) e (56)
A < «
and for the average energy we have, similarly,
[e%e] oo €
() = S e = [ pleNT(ae = | ) e G.7)

[A) o
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FIGURE 5.2 — Fermi factors for various temperatures
The grand-canonical potential may be computed using a similar expression !

o0

J=—kpTY In& =kpT> In[1-(Ny)F] = kBT/ p(e)In [l — NF(e)]de  (5.8)
A ) 2

Other thermodynamic quantities may be computed in the same way. The reader is encouraged to
try and compute the entropy S as an exercise.

5.1.3 Canonical interpretation

Now, all of this was computed in the grand-canonical ensemble, but oftentimes we are rather
dealing with systems with a fixed number of particles, so we should work in the canonical ensemble.
The thermodynamic limit ensures that for large enough systems, the two descriptions are equivalent,
due to the very small range of fluctuations possible for internal variables, including N. Consequently,
if we work in the grand-canonical ensemble, fixing 7', V', and u, we may compute the average number
(N)(T,V, 1) and the relationship between these quantities may be (at least theoretically) inverted to
yield (T, V, N) which would be the (canonical) chemical potential computed for this system in the
canonical ensemble, for the given N. To summarize, seen in the canonical framework, the equation

N = / T ae (5.9)

65(6*11«) +1

1. We recall that for a Fermi-Dirac distribution, 1 — (N»)¥ = 1/¢F.
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is an implicit equation in . Once it is solved, the (average) energy may be computed from

(B) = / OO p(e)mcle (5.10)

by inserting this value u(T,V, N) of the chemical potential.

5.1.4 Example of the three-dimensional ideal gas

The above expressions have not yet made use of the hypotheses regarding the system, keeping the
density of states p(¢) and the ground energy ¢g unspecified. Now, we focus on the example of an ideal
gas of fermions in a three-dimensional box of volume V. For simplicity, we assume that the particles
have no internal structure (no electronic levels, no rotation, and no vibration), except for a spin s, that
they are free, i.e., do not interact with the outside world, which means that they are not subject to any
external field, and that they are non-relativistic. In that case, the energy € and the density of states

p(€) are given by
B p2 7 h2k2
2m 2m

(25 +1)Vm3/?
V2mr2h3

where m is the mass of a particle, and s its spin. In the non-relativistic regime, the ground-level energy
is g = 0. We have introduced the following constant A for notational simplicity,

ple) = Ve= AV (5.11)

3/2
A= M (5.12)
V2mr2h3

Determination of the canonical chemical potential

The chemical potential is determined by writing the implicit equation giving the number of particles

AV e

We introduce the fugacity ¢ = e®# > 0 and change to the variable = = fe¢, so that

V) = h Iﬁ dz = Ir(p) (5.14)

AV (kgT)*? S0 ¢
@

The function Ir () is represented in Fig. 5.3. It is monotonously increasing from I (0) = 0 to infinity
when ¢ — oo, which ensures that for a given number of particles N in the canonical approach, there
is a single solution ¢( such that N/AV (szT)?’/2 = Ir(po), ensuring therefore the existence and
uniqueness of the chemical potential u(7,V, N) = kgT In gy, as explained graphically in Fig. 5.3.

Average energy and grand-canonical potential

With this solution (T, V, N), the energy? reads

AVed/?
E= / ——————de 5.15
eI (5.15)
and the grand-canonical potential is
J= kBT/ AVE2In [1 - NF(€)]de = kaT/ AVe/21n (14 e Pl | de (5.16)
0 0

2. In the thermodynamic limit, we may write E without specifying that it is an average.
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FIGURE 5.3 — The function Ir(p) and graphical determination of the single solution ¢q.

Through an integration by parts, we have

_ 2 3 s 28 [ ajp € Pl

The fully integrated term is null 3, and the integral term simplifies to

2 o €3/2

so that for any temperature, we have the simple relation

2

Entropy and pressure

From the grand-canonical potential, we may derive expressions for the entropy and the pressure

aJ aJ
=-(or),, (@), 20

For the entropy, we shall see later that it tends to zero in the limit of zero temperature. For now, we
focus on the pressure, which is especially simple to compute, considering that J is linear in V, so that

3. The term for € — 0 is obviously null, and that for e — 400 is also null by considering that In (1 4+ z) = = when
z = e Be=1) 5 0 in this limit.
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L (5.21)

The relation PV = (2/3)FE is therefore valid for an ideal, non-relativistic fermionic gas at any tempe-
rature*. We note that the numerical factor 2/3 is directly related to the scaling of the density of states
p(e) o €'/2.

Classical limit

The classical limit is obtained when the average occupation number is very low, so when e#(¢=#) > 1.
In that case the implicit equation giving the chemical potential becomes

N = / AV 2e Bl de = AVePH (kpT)?/? / 2t 2e % dg (5.22)
0 0
The integral is found using Euler's Gamma function
o 3 ) 3

We therefore have the implicit equation
N = Avgeﬁﬂ(/{ﬂﬁ/2 (5.24)

and for the record, the canonical chemical potential that is the solution of the implicit equation is, in
this classical limit,

(5.25)

2N
w=kgTIn [ }

AV \/m(kpT)3/?
The energy of the system is then given, in this limit, by
E= / AV 2Bl de = AVePH (kpT)?/? / 232 dy = Z\/%Aveﬂ“(k:BT)W2 (5.26)
0 0

and may be directly and simply related to the number of particles as

E 3

— = —kpT 5.27
B, (527)
Since E = (3/2) PV, we recover the usual equation of state of the classical ideal gas

PV = NkgT (5.28)

It is important to stress that the two equations (5.27) and (5.28) are only valid in the classical li-
mit, but that the relation 2E = 3PV is valid in any regime for this system. An interesting point to
make in this respect is precisely to discuss the range of temperatures for which the classical approxima-
tion is valid. As mentioned, it is correct if e#(¢=1) > 1, so it should be true for the ground level, i.e.,
ePt < 1, which, given the above expression for the chemical potential, amounts to?>

1 N 2/3
T> — <AV) (5.29)

4. For an ultra-relativistic fermionic gas, we find a different relation, P = E/(3V) as for the photon gas (Chapter 7).
5. We ignore the unimportant numerical factor of order one.
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This is equivalent, up to unimportant numerical factors, to the condition d = (V/N)/3 > A already
determined ©. In this limit, a classical treatment is appropriate. In the opposite limit, at low temperatures,
a treatment taking into account quantum degeneracies is warranted, but results may be obtained
analytically as we shall see shortly. In the intermediate regime, a fully numerical treatment is necessary.

5.2 Low-temperature limit

5.2.1 The case T'= 0 and Fermi quantities

We remain in the non-relativistic regime, but now assume that the temperature is very low, i.e.,

1 N 2/3
< <AV) (5.32)

and we shall take in this section that 7' — 0. The solution of the implicit equation for 1 is now

po(V, N) = lim pu(T,V,N) (5.33)
T50
and is quite easily determined, since the Fermi factor at 7' = 0 is a simple step function
Mo 2
N = / AVe'2de = gAvuf;/2 (5.34)
0

and so we have the chemical potential at 7" = 0 with the following formula, which gives the so-called
Fermi level or Fermi energy, that is the highest energy level being populated at zero-temperature

B [ 62 N\¥®
pr— = — — 5'35
r=HT o (25 +1 V) (5:35)

For an ideal gas, the energy is directly related to the momentum and the wavevector, so we may
define the Fermi momentum and the Fermi wavenumber via

6m2 N 1/3 6m2 N 1/3
Pr = /2mpo =h <25 - IV) kp = ( ) (5.36)

25+1V

The tip of the wavevectors in E—space that correspond to the highest-energy states describes a sur-
face, called the Fermi surface. At T' = 0, all states interior to that surface are populated, and all
states outside of it are empty. For an ideal gas (free particles), that surface is a sphere, called the Fermi
sphere. For systems including interactions, such as electrons in a metal, the Fermi surfaces will have
more complex shapes. We may also define a Fermi temperature® through

6. Indeed, the condition above is

kT > N v ~ 7Nﬁ3 v = E N o (5.30)
B AV = \md2v T m \V '
and so is equivalent to
A h
— — =~ A 5.31
(N) > mkgT ( )

7. We leave it to the reader to check that the numerical factors are correct.
8. Recalling the expression of the constant A, the condition for a low-temperature limit reads

N 2/3 273 2/3 2/3
e () - )

v m - ~Tfp (5.37)

3
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h2 6 2 N 2/3
gy Uy T (5.38)
kB 2mk:B 2s+1V
In the limit T — 0, the energy reads
Ho 2 3 3
E(T =0,V,N)=Ey = / AV 2de = SAWS/2 = =Npo = : NkpTr (5.39)
0
As for the pressure, it reads
Jo 2Ey 4 , 5,2 2NkpTr
P(T = N=P=—-——=-"F=—A =-— 4
(T=0,V,N)= Py=—10 = 220 = S aff* = 2200 (5.40)
Summarizing, we have that the energy and the pressure are strictly positive
3 2 NkgT,
E(T =0,V,N) = -NksTr P(T=0,V,N) = ¢ 5 £ (5.41)

They do not vanish at zero temperature, unlike what a classical treatment would have (since F o< T
and P o T in that case). This is a purely quantum effect, due to the Pauli exclusion principle. It is this
very pressure that supports white dwarf stars against gravity.

5.2.2 Low-temperature behaviour (0 < T <« TF)
Sommerfeld expansion

At low, but non-zero temperatures, we may compute the previous quantities (chemical potential
and energy in particular) to the next leading order in T/Tr. This is called the Sommerfeld expansion.
It involves computing integrals of the form

oT0) = [ defONT (T ) (5.42)

for sufficiently well-behaved functions f. The expressions above for the number of particles, energy,
grand-canonical potential and the like, are all of this form. It may be shown, and should be done as an
exercise, that in the limit 7" — 0, we have

o) = 9(0.0) + = (kT £ ) + O (T") (5.43)

Chemical potential

Applying this to the number of particles, with therefore f(e) = AV e!/2, we may derive the expression
of the chemical potential at low temperature, starting from

2
T % (kpT)> AV o (%) (5.44)

NT7# :NOMU’
(T,1) = N0, 4

so that when T' <« Tr we should treat the gas in this fully degenerate approach, while a classical treatment is sufficient
in the opposite limit 7' > Tp.
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The second term on the right-hand side being a correction, we may replace p by g in it?, and the first
term is given by the expression at T' = 0 already found (5.34), but for u, not g, so

9 AV

1/2
Mo/

N(T, pu) = AVp3/2 (k;BT) +0 (1) (5.45)

12

Now the left-hand side is precisely the imposed number of particles. It is equal to what it would be at
zero temperature, so that it can be expressed with the proper relation involving g,

9 AV

1/2

2 2
fAV,ug/z = ZAVEP? 4
3 3 Ho

(kBT) +0 (7% (5.46)

12

This may be inverted to isolate p, yielding

[ 2 (kpT)? 2 (kBT
Ho

Ho

where we recognize the Fermi temperature Tr = o/kp. Finally, we take the power 2/3 and apply the
linear development (1 — z)® &= 1 — ax to obtain the chemical potential at low temperature

w2 (T \? T4
T V. N)= 1—— [ — —
W(T,V, N) [ 5 (z) +o(3)

We note that p decreases as T' increases, which is expected considering Fig. 5.3. This expansion is
shown as the solid blue line in Fig. 5.4, alongside data points that correspond to a complete numerical
determination based on Eq. (5.14).

(5.48)

Energy

Using now f(e) = AVe*/2, we may compute the expression of the energy at low temperature,
starting from the general expression 10

E(T, 1) = E(0, p) + Avul/2 (ksT)* + O (TY) (5.49)

in which the left-hand-side is just the energy we seek E, and we replace the first term on the right-hand
side by the expression (5.39) for u

AV 5/2 4 Av,f/2 (kgT)> + O (TY) (5.50)

We then use the above expression for y at low temperature

2 2 4
s T T
f—AVE’/Ql—— —) +0o(=
Ho 12 \ T, T:
9. The reader may want to check that inserting u = po(1+ z) with |z| < 1 in both terms on the right-hand side and
developing, one gets, as expected from Eq. (5.48),

w2 T\?
r=——|—
12 \Tr
10. In the second term on the right-hand side we use p instead of u because the correction would be of order four in
T/TF and absorbed in the O (T4).

5/2 )
+ %Avugﬂ (kpT)? + O (TY) (5.51)
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FIGURE 5.4 — Evolution of the chemical potential 11, normalized to the zero-temperature value 1 (i.e.
the Fermi energy €r), as a function of the normalized temperature T'/Tr. The red points correspond
to an "exact" numerical determination based on Eq. (5.14), while the solid blue line corresponds to the
Sommerfeld expansion (5.48).

in which we can use a development of the expression in square brackets, to the same order, and factor
out the zero-temperature energy FEj, recalling that pg = kgTF,

2 s se2 (T \?|  5x /T \? .
E = Z AV {[1 o (TF> 5\ 7 +0 (1Y) (5.52)

leading in fine to the expression of the energy in the low-temperature regime

5702 /T \? T4
14+ 2 [ — -
) oln)

Unsurprisingly, the energy increases from Ej as the temperature rises.

E(T,V,N) = E, (5.53)

Heat capacity

From the expression of the energy, we see that the heat capacity at low temperatures is linear in T,
so it goes down to zero when T' — 0, with 1!

11. We have ) ) )
)] 572 T 3 572 T T
Cy = (—) — Bo - = SNkpTp x = — = = Nkp— (5.54)

aT ) v 6 TZ 5 6 T2 2 Ty
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oE 72 Nkp
Co=|-= =nT === 5.55
<3T>VN ! T3 Tr ( )

This is in contrast to the classical regime, where the energy is linear in T, E ~ NkgT, so that
the heat capacity is a constant, C;, ~ Nkp. An interesting interpretation of this is the following. At
T = 0, all states are filled up to pg, and at low but non-zero temperatures, the thermostat allows
fermions to gain an energy ~ kpT. However, only those fermions lying less than ~ kT below the
Fermi level may benefit from this, since the lower-lying ones cannot be excited to a level that is already
occupied. In effect, the effective number of fermions that can be excited is about

NkgT
Ko

Ne{-f ~ p(,uo) X k‘BT ~ (556)

since p(ug) = AVu(l)/2 and N ~ AV,ug/2 so that p(po) ~ N/ug. The energy of the system is then

that at T'= 0 augmented by kT for these potentially excited fermions

N NkpT?
E ~ Eo + NegkpT = Ey + — (kpT)? = Eg + —= (5.57)
Ho TF
leading to the correct order of magnitude for the heat capacity
T
Cy ~ Nkp— (5.58)
Tr

Entropy

To determine the entropy, we start from its expression derived from the grand-canonical potential

0J
s—-(2), 59

where this potential is directly proportional to the energy, as already mentioned

J=-2E (5.60)
3
A reckless computation would have us write that S = (2/3)C,, but the derivation in Eq. (5.59) is
performed at V' and p constant, while the heat capacity is computed as a derivative at V and N
constant. Therefore, to perform the adequate derivation, we need to express J is terms of the proper
grand-canonical variables (T, V, ). It is most easily done by using the expression (5.50), in which we
take pg = p in the second term, since it is a correction,

4

J =
15

2
AV /2 — %AVMW (kpT)? + O (T (5.61)
The derivation with respect to 7' at fixed volume V' and chemical potential i then yields

2
S = gk%Avul/zT +0(1?) (5.62)

To express this is terms of the canonical variables, we simply replace u by its expression (5.48), which
to that order is just u & po, and replacing po by its expression (5.35), leading to
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72 T T3
S =T Nkpz—+0 (Tjé} (5.63)

We note that, to this order, S = C,, and that, as T — 0, the entropy goes down to zero as well.
This latter property is the Nernst principle, also called third law of thermodynamics, which states
that the entropy of any system must vanish when the temperature goes to zero '?.

Equation of state

As an exercise, we leave it to the reader to derive the expressions for the Helmholtz free-energy

3 sc (T T
F(T,ZV,N)= -NkpT |1 — — | —— O\ = 5.64
v =2kt 1= T (1) +0 (5) (5.64)
and for the pressure
sa2 (T 7
P(T,VN)=F |1+ — | =— O\ = 5.65
where the zero-temperature pressure is given by Eq. (5.41)
2 NkgTr
Ph=—-—— 5.66
= 22k (5.66)

From the pressure, we may derive the equation of state of the ideal fermionic gas at low temperatures.
Explicitly writing out the expression of the zero-temperature pressure Py and the Fermi temperature as
a function of the canonical variables N and V, we get

3
(VY 36r4 KO 52m2k2T? (25 + 1V \Y?
P = =————~|1 B — T* .67
(N) 125(2s + 1)2 m3 [ R ( 672 N) +0 (1) (5.:67)
This equation of state, of the form
5 4/373
pP3 (;) =a |1+ BT? (;) (5.68)

is indeed quite different from the high-temperature, classical equation of state PV = NkgT'!

Validity domain

As already stated, the validity domain of the above expressions is that the temperature should be
small compared to the Fermi temperature,

K2 672 N\*/*
T Tp = — .
<tr 2mkp <23+1 V> (5.69)

and in that case these expressions provide first-order corrections to the T' = 0 case. In the opposite
limit T > Tp, a classical treatment is possible, using the Maxwell-Boltzmann approximation as we
did earlier. In between, only a numerical treatment is possible, but we insist that there is no special
behaviour at 7' = T, all physical quantities are continuous at this point.

12. We note that the Sackur-Tetrode formula (3.87) does not obey this principle, but we recall that it applies to a
classical ideal gas, i.e., at high temperatures only, and so cannot be expected to hold as 7" — 0.
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5.3 Relativistic case

The relativistic treatment is warranted in some cases, when the fermions at the Fermi level reach
relativistic speeds, i.e., pr ~ mec. In that case, a number of computations must be undertaken anew.

5.3.1 Density of states

We recall that in the classical (non-relativistic) regime, the density of states for a free particle with
mass m and spin s in a box of volume V is

3/2
PRSI
V2m2h3

However this is incorrect in the relativistic case. The density of states was computed as the derivative
of the cumulative density of states

(5.70)

(25 + 1)v2Vm?/? (372

() = 3n2h3

(5.71)

which itself was computed by counting the number of wavevectors compatible with the constraint that
the associated energy was at most €. More generally, the cumulative density of states is then defined by

(25 + 1)Vk(e)?

() = 672

(5.72)

where k(e) is the relationship between the wavenumber and the energy. In the classical case, we have

which yields the above density of states p(e). In the relativistic case, however, the relation is different
k(e) = —vVe2 —m2ct (5.74)

and we therefore have the following expressions for the cumulative density of states ® and the density
of states p in the relativistic case

(2s+ 1)V
6m2h3c3

(2s+ 1)V

2 2 4\3/2 —
= o) = S

D(e) = (€2 —m2ct)/2e (5.75)

5.3.2 Fermi quantities at zero temperature

Placing ourselves in the limit T — 0, we may compute the chemical potential 1o(V, N) in this limit
implicitly, using the equation that gives the total number of particles, and replacing the Fermi factor by
the appropriate step function. The one difference with the classical case is that the ground state energy
is no longer ey = 0, but €y = mc?. We then have

(2s+ 1)V

W(H% —m?ct)?/? (5.76)

N:/%@¢=@W®—MW&:

The chemical potential, or Fermi energy er = g is then, inverting this relation,

6m2h3c3 N\ */* n [ 6m2 N\**
o 2.4 - =me 1+ —— [ a7
"= Ho \/mc +(25—1—1 V) e Jrch2 (25+1V> (577)
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From there, we get the Fermi momentum, that has the same expression as in the non-relativistic case,

1/3 2 1/3
17 27 1 (6m2h3c® N 67 N
@ rmee c\ 2s+1 V 2s+1V ()

The definition of the Fermi temperature is a bit different from the non-relativistic case. It is defined
such that kgTr = uo(V,N) — €o, i.e., kpTr is the energy range between the ground-level and the
Fermi level 13 Instead of the non-relativistic expression (5.38), we now have

2 2 2 2 2/3
€F — mc mc h 672 N
Th=—— = — 1+ ———— -1 5.79
F k5 k5 \/ e <2s+1V) (5:79)

It may be shown, and the reader is invited to do so as an exercise, that from this expression we recover
the non-relativistic expression in the limit ¢ — oo. This relativistic case is useful in the treatment of
white dwarf stars approaching the Chandrasekhar mass limit.

PF =

13. In fact, this definition would also apply in the classical regime since we then have ¢g = 0.
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Ideal bosonic gas

In this chapter, we move to the treatment of an ideal bosonic gas, in which particles are identical
bosons, with integer spin s, are independent, free from any external field, and non-relativistic.

6.1 General properties

6.1.1 The Bose factor

Similarly to what we did for the fermionic gas, we can treat the bosonic gas by converting the
discrete sums over individual states |\) to integrals over the energy ¢, using the density of states p(e).
Since the average occupation number for bosons is given by the Bose-Einstein distribution

1
B _
(N = (6.1)
this prompts the introduction of the Bose factor
1
By, _
N=(eT, p) = = (6.2)

In the following, we may omit the dependence on T and pu, and consider it implicitly. The shape
of the function is shown in Fig. 6.1 for two different chemical potentials p1 and ps with fixed tempe-
rature T', and for three different temperatures at fixed p. The Bose factor is a decreasing function of
the energy, going to +0o0 when ¢ — i, and to zero when ¢ — co. We note that the expression above
implies that the Bose factor is defined only for € > p, as already mentioned in (4.62).

6.1.2 Physical quantities

As we did in the case of the fermionic gas, we can work out the average number of particles in the
grand-canonical framework (or the chemical potential in the canonical framework) through the integral

e 1
(N) :/ P(G)Wde (6.3)
€0
and the average energy through a similar integral
e €
(E) :/ P(f)mfk (6.4)
€0
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FIGURE 6.1 — The Bose factor, for different chemical potentials (top) and temperatures (bottom). The
ground-level energy ey must be larger than the chemical potential.

The grand-canonical potential may be computed using a similar expression

oo
J= —kBT/ p(e)In 1+ NP (€)]de (6.5)

€0
Indeed, we have the following relationship between the average occupation number and the individual
state grand-canonical partition function in the bosonic case,

1 eBlex—n) 1

14+ (Ny) =1+ 3) (6.6)

eﬁ(ek_ﬂ) —1 - eﬁ(ek_ﬂ) —1 - 1-— e_ﬁ(fk—li) -
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Other thermodynamic quantities may be computed in the same way. The reader is encouraged to try
and compute the entropy S as an exercise. We recall that

6.1.3 Canonical interpretation

As already noted for the fermionic gas, the thermodynamic limit ensures that for large enough
systems, the grand-canonical and canonical descriptions are equivalent, due to the very small range of
fluctuations possible for internal variables, including V. Consequently, if we work in the grand-canonical
ensemble, fixing T, V, and p < €g, we may compute the average number (N)(T,V, ) as we did just
then, and the relationship between these quantities may be (at least theoretically) inverted to yield
w(T, V, N) which would be the chemical potential computed for this system in the canonical ensemble.
The difference with the fermionic case is that, for this to be correct, this solution (7', V, N) should
verify the condition 1 < €g, otherwise it would not be a physically sound solution to the problem in the
bosonic case.

6.1.4 Example of the three-dimensional ideal gas
The Bose temperature

Specifiying the density of states p(€) and the ground energy ¢, to be those of a non-relativistic ideal
gas, we have the average number of particles in the grand-canonical framework given by

AV /2
N) = ———de 6.8
W= [ S (62)

where we recall that
(25 + 1)m?/?

A=—rn——— 6.9
NPT (6.9)
Introducing the fugacity ¢ = e# and changing to the variable z = ¢, we have
N e’} 1/2
[ o= tn(e) (610)
AV (kgT) o £ 4

¥

The function Ip(¢p) is represented in Fig. 6.2. It is monotonously increasing from I5(0) = 0 to a finite
value at p = 1. This is a fundamental property, because the condition that u < ¢y = 0 implies ¢ < 1.
This finite value is?

3 3
L) =1 ()¢ (2) = ¥ xo612... ~ 2315, (6.14)
2 2 2
1. This integral makes use of Euler's Gamma function
I'(t) = /00 2t le %de (6.11)
0
and Riemann'’s zeta function L
=3+ (6.12)
n>1 n
for which we give a few important values
r <§> _vYTop (5) _T (5) ~2612... (§) ~1.341... (6.13)
2 2 2 4 2 2
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Ip(1) =~ 2.315
(N) M
AV(kBT)3/2
> P
¥o 1

FIGURE 6.2 — The function Iz(y) and finding the solution g to the implicit Eq. (6.10).

Consequently, if we view the above equation as an implicit one on 4 (or ) in the canonical framework
where the number of particles is fixed

TR (k]ZT)g 7 =18(¥) (6.15)

there cannot be a physical solution to the problem if N > AV (kBT)g/2 Ip(1). The admissibility
condition may be written in terms of the temperature 2

T<Tg (6.16)
where we introduce the critical temperature known as the Bose temperature

27h? 1 1 N\2/3
T — N )
"7 mkp (23+12.612...V) (6.17)

We note that something must happen at this critical temperature, unlike in the case of the Fermi
temperature T, that is just a scale with which to compare T' in order to know whether a classical or
quantum treatment is in order, but where nothing fundamental happens.

Properties at 7' > Tp

In that case, the treatment is very similar to the fermionic case, since there is a single ¢ < 1
satisfying the condition N = AV (k:BT)3/2 I5(¢). This yields the appropriate chemical potential y, and
from there we may (at least theoretically and numerically) compute various thermodynamic quantities,

starting with the energy
o AVeES/?
E= ——————de 6.18
| s (619

2. For a given N and V, the representative point M on the figure moves up the curve as T' decreases, and goes beyond
@ = 1 for the critical temperature Tz.
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The grand-canonical potential is computed as already noted

J= kaT/ p(e)In [1+ NB(e)]de = kBTAV/ /2 1n {1 — e Pl de (6.19)
J € 0
An integration by parts of this last expression (this may be done as an exercise) yields
2 /2 2
Since J = — PV, a result derived from the linearity of J with respect to V, we conclude that for any

monoatomic, non-relativistic ideal gas, whether classical, fermionic, or bosonic, we have

PV = gE (6.21)

The equation of state of the bosonic, non-relativistic ideal gas at 7' > T is then known in a pa-
rametric way, where the parameter is the chemical potential p

25+ 1)v2m?/2 [ /2 25+ 1)Vm3/2 [ ¢l/2
p= 2 )2\/;m / ‘ de N = ZsDVm / ‘ de (6.22)
3m2h 0 eBle—r) _q V2n2h3 o eBle—m) _q
Indeed, we then have3
) 1)v/2 3/2 o] 3/2 o 3/2
Qo+ DVomPE / _e” / _e”
PV 312k o ePlemm 1 2 )y Blemm 1 T 6.23
‘N (25 4+ 1)m?/? o el/2 T3 > el/? = Ju(T) (623)
—_— ————de ————de
V2m2h3 o ePlemm _q 0 ePlemm _q
This can be written a bit more explicity as the following equation of state
2 Hp(p)
PV == NkgT .24
v 31p(p) " (6.24)
introducing the function*
o 1'3/2
Hgp (o) :/ = dz (6.26)
o = 1
¥

Other thermodynamic quantities may be derived from the grand-canonical potential, such as the entropy.
The reader is invited to try and derive these in the form of integrals over the energy e.

6.2 Low-temperature behaviour

6.2.1 Bose condensation

As we mentioned, T plays a particular role, and some physical process must occur at this tem-
perature. This is unlike T, that only provides a scale for comparing T' to. What happens physically

3. Note that p is a function of T', V/, and N, so that the form here is indeed the equation of state 7(P,T,V,N) = 0.
4. Note that in the classical limit of high temperature, the Bose factor reduces to the Boltzmann one and we have

oo 5
23/2e %4y T <7>
Hp(p) /0 _ 2) _

Ig(p) /Ooxl/%—zdx B F<§> B L=
0 2

and we recover the classical equation of state PV = NkgT.

s

g (6.25)

[\
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may be understood relatively easily. As the temperature goes down, the particles tend to occupy lower
energy states. While in the case of fermions, the Pauli exclusion principle forbade them to occupy the
same state, and in particular the ground level, simultaneously, no such impossibility occurs for bosons.
They may well occupy the ground state together. So much so that the number of bosons in that state
may become macroscopic. This is the phenomenon known as Bose condensation. Yet, the density of
states for e = ¢g = 0 is p(0) = 0 so these particles are simply forgotten when converting from the
discrete sum to the integral over the energy

)= S )" £ [ panF e (6.27)
) 0

At low temperatures, the ground state is going to be much more populated than any excited state, so
it should be treated separately. Indeed, its population is

1 kT
TeB—_1"  p

No > 1 (6.28)

which may be obtained from noticing that the exponential factor is e ™ ~ 1 — Bu (we recall that
1 < 0 since the point M on the curve of Fig. 6.2 approaches ¢ — 17). The first excited state has an
energy
h%k?
= 6.29
a=5- (6.29)

where k; is the wavenumber of a wavevector whose tip is at the innermost non-zero grid point of the

lattice in k space. Assuming that the box is cubic, V = L3, we have®

I 27 2122

= — €1 =
L) T L2

< kpT (6.30)

The population of this first excited state is then, using the expression of the occupation number,

1 1 1
T la—m 1~ @ [ 1 (6.31)

kT ksT  &aT T Ng

Ny

since® B(e; — p) &~ 0. In the vicinity of T, the first ratio in the denominator is of the order

€1 € 22 R? m V3 C

~ - 25+1) x 2612 x —| =~
T~ EnTy ~ iz < oz |25 X 2612 N2/3

(6.32)

where C'is a constant of order unity (in fact C' ~ 4 for s = 1). This justifies that ¢; < kgT for a
macroscopic system N > 1. Since we expect Ny to be of order NV, we have then

€1 C 1
m ~ W > Fo (633)

and therefore the population of the first excited state is much smaller than that of the ground state,

kpT _ N?/3

Ny ~
! €1 C

< No (6.34)
The Bose condensation only occurs in the ground state. Consequently, we can treat the problem as we
did before, by converting the discrete sum over the individual states to an integral over ¢, provided that
we treat the ground state separately,

5. The fact that 1 < kpT is justified a bit further down.
6. We have already seen that |Bu| < 1, and the first excited state has an energy €1 < kpT.
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[eS) AV61/2

The impression that this is insufficiently determined since there are apparently two unknowns (N
and u) is only superficial. Indeed Ny is known, because the chemical potential must satisfy ’

p=—CB (6.36)

It is negative ©1 < 0 and very small (compared to kgT') in absolute value. In the integral, it is then
readily approximated by p = 0, so that

AV 1/2 . o 1/2
N =N+ / € de =Ny + AV (kBT)‘W/ 2 dx (6.37)
0o e’-1 o €' —1
In the last integral we recognize, unsurprisingly, Ig(1) ~ 2.315..., so
N = Ny + AV (kgT)*? I5(1) (6.38)

and inserting the expression of the Bose temperature, which is a function of N and V 8, we get the
population of the ground state as a function of the total number of particles and of the temperature

No=N l1 - <;};)3/1 (6.39)

At T = T'g, this drops to zero, because the ground-state population ceases to be macroscopic. This is
shown in Fig. 6.3.

6.2.2 Physical quantities at 7' < T

Energy
Since the ground-level energy is g = 0, the energy of the system below the Bose temperature reads
00 AV €3/2 oo .3/2
E = Nyeo + / AV qe = av (kBT)5/2/ 2 dz (6.40)
Jo ePe—1 o € —1
The integral is given in tables and we have
E = Hg(1)AV (kgT)”? =T (Z) ¢ (;) AV (kgT)*? = % x 1.341 x AV (kgT)*?  (6.41)
in which we can replace the factor AV using the fact that
, 3\ (3 T \*?
N — Ny = AV (kgT)** I5(1) = AV (kgT)**T <2) ¢ <2> =N (T> (6.42)
B
and therefore the energy E of the bosonic ideal gas at T' < Tz is
5 5
2(3)<() oy 7"
E=—+<—CNkgT|— ~ 0.7TTNkpT | — (6.43)
TB TB

°(2)< ()

7. In other words, we have two equations for two unknowns.
8. We recall that N = AV (kpT)%/? Ig(1).
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FIGURE 6.3 — Ground-level population Ny as a function of T

At the transition T = Tp, the energy is therefore of the same order as that of the classical ideal
gas ~ NkgTg, but for T' < T, the energy is equivalent to that of the classical ideal gas in which the
ground-state particles would be removed, E ~ (N — Ny)kgT'. This is not surprising since the condensed
particles cease to participate in the energy of the system (ey = 0).

Heat capacity

The heat capacity results from the derivation of the above expression with respect to temperature,

T\ 32
C, ~ 1.925Nkp () (6.44)
T

and is therefore of the same order as that of the classical ideal gas at the transition, C,(Tg) ~ Nkp,
but is proportional to the non-condensed part of the gas below the transition, C,, ~ (N — Ny)kp.

Grand-canonical potential

The grand-canonical potential is also given by a sum over individual states that must be treated as
the sum of the ground state term and an integral over the energy for the excited states

J = kaTZhlf)\ = —kpTIn(1+ No) + k:BTAV/ /21 [1— e P¢]de (6.45)
%) 0

04



Obviously, the first term may be approximated by —kgT In Ny so it is of order a few tens of kgT', and
therefore completely negligible with respect to the second term, that is of order NkgT. Thus,

J= kBTAV/ e/21n [1- efﬂe]de (6.46)
0

An integration by parts then yields the same relation as was obtained for T' > Tz,
2
J=-3E (6.47)

Helmholtz free energy

The Helmholtz free energy may be computed from the grand-canonical potential as F' = J + uN.
Now in the domain where Bose condensation occurs, the chemical potential is null®, so

2
F=-3E (6.48)

Entropy
The entropy is obtained from the Helmholtz free energy 1°

oF 2

showing that the Ny condensed particles do not provide any entropy to the system, which is not
surprising, as their state is perfectly known.

Pressure

The pressure is obtained from the relation stemming from the linearity of J with respect to V,

J 2F m 3/2 5/2
P=—l = S35 +1) (55)  (keT 6.50
V3V Qs+ (57z)  (ksT) (6.50)
This is quite astonishing that the pressure only depends on the temperature and not on the density
N/V. The equation of state for an ideal bosonic gas below the Bose condensation point is a relation
between P, and T, irrespective of the density.

9. Since in fact u = —(kgT)/No, the second term is of order kT, much smaller than J.
10. There is no such problem as in the fermionic case, because here the chemical potential is essentially "fixed" at zero
below the Bose temperature.
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Thermodynamics of radiation

In this chapter, we discuss the thermodynamics of a photon gas, and the associated notion of
black-body radiation. This is of course of great importance in astrophysical contexts. As we will see,
a photon gas can be treated as a special case of a bosonic gas in which the chemical potential is null,
due to the photon number not being a conserved quantity.

7.1 Photon statistics

7.1.1 Electromagnetic modes as photons

Consider a rectangular box of volume V' = L L, L., in which electromagnetic waves are present.
Due to the linearity of Maxwell's equations, the £ and B fields within the box may be written as a
superposition of monochromatic plane waves of the form

E(7,t) o € (K,w) ef(Fre) B(7t) < B (F.w) eilEr=en) (7.1)

The periodic conditions on the boundaries of the box, induced by the fact that multiple reflections on
them lead to standing waves, impose that the wavevector must be quantized

= 21, 2mn, 2mn,

k= I €y + L, €y I. €, (7.2)

with (ng,ny,n.) € Z3. This wavevector defines a mode of the electromagnetic field. From Maxwell's
equations, it may be shown that £ and B obey partial differential equations such as
. 10%
—=—=0 (7.3)
2 o2
for which non-trivial solutions exist only if k and w are related, through the dispersion relation.

Consequently, the amplitudes of the modes can be written as functions of the sole wavevector, £ (E)

and B (E) Now, in classical physics (i.e., classical electromagnetism), the energy contained in a mode

is proportional to its squared amplitude, so the energy carried by the radiation in the box is?

EO(Z’E(E)‘Q (7.4)

1. Note that more rigorously one should consider the squared amplitude of the full electric field, as a superposition of
the modes. The cross-terms that appear for different modes K and & in fact yield a null contribution, leading to Eq. (7.4).
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The contribution to this sum from any mode k can take any (continuous) value from 0 to oo, and this
leads to major problems that can only be solved by taking a quantum approach in which the energy in
each mode is quantized. This is the revolutionary idea introduced by Planck : to each monochromatic
electromagnetic plane wave we should associate a particle called photon that has an energy € and a
momentum p’ related to the properties w and k of the wave by

€ = hw 7= hk (7.5)

and that in each mode there can only be an integer (n = 0,1,2,...) number of photons, so that
the energy associated to that mode is not any value but nhw. In vacuum, the dispersion relation we
mentioned above is

w =2cC

E’ — ck (7.6)

where ¢ = 299792458 ms~! is the speed of light. The relation between the energy and the momentum
of photons is then
e = cl|p| = hck (7.7)

which is a special case of the relativistic relationship in the case of massless particles, such as photons
¢ = /PR f R (7.8)

To the two independent polarizations possible for the electromagnetic wave (e.g., right- and left-handed
circular polarization) correspond two spin states for the photon. However, this does not mean that
s = 1/2. Instead the spin of the photon is unity, s = 1 but the possible values of the spin projection
on a given axis are s, = *1, excluding the value 0. This is a general property for massless particles.
Consequently, photons are bosons.

7.1.2 Density of states

The quantization of the wavevector and the linear relationship between wavenumber and energy of
the photon, € = hck, allow to determine easily the cumulative density of states of the photon in the
box, using the same approach as in (5.3.1). We have, taking into account the spin states,

4
—7k(e)3 V()3 3

B 3 _ Vk(e)® Ve

Be) =2 x C AN A = T (7.9)
L, L, L,
and deriving this with respect to € we have the density of states
2
Ve (7.10)

ple) = W

One should note the difference with the case of an ideal gas of material particles, either relativistic
or not. For instance, we recall that the densities of states for a non-relativistic gas are ®(¢) o €*/2 and
p(e) o €'/2.

7.1.3 Distribution function of photons

Consider that the box containing the radiation is in thermal equilibrium at temperature T', by being
in contact with a thermostat 7 imposing that temperature. The unit spin means that photons are
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bosons, and the linearity of Maxwell’s equations implies that there is no interaction between photons,
so the system may be viewed as an ideal bosonic gas. Also, the number of photons is not conserved as
these are constantly being absorbed and emitted by the walls of the box, in contrast with the treatment
of the boson gas in Chap. 6.

What we are describing here is a black body : a closed cavity containing an ensemble of photons in
equilibrium with the walls, maintained at a given temperature 7. For the photonic gas to be considered
ideal, the coupling between it and the cavity must be weak, but it must exist, because the equilibrium
between photons cannot be attained in the absence of a mediating body since they do not interact. They
achieve equilibrium among themselves by interacting with the box, i.e., being absorbed and emitted by
the walls. The non-conservation of the number N of photons, contrary to what occurs in all gases we
have considered so far, implies that this quantity should be determined based on equilibrium conditions.
We saw that in the context of imposing volume and temperature (the canonical ensemble 2), a necessary
condition for equilibrium was for the Helmholtz free-energy F' to be minimal. It should therefore be
minimal with respect to IV, which is in this case an internal variable. Because of this, we see from
equation (3.39) that the chemical potential is null

oF

We may therefore conclude that the photon gas in thermal equilibrium is described by the Bose-Einstein
distribution for u = 0,

(M) =

—_— 7.12
e"r —1 ( )

where |A) stands for the individual states of photons (wavevector k and spin, which can be either
"left" or "right", for instance). We note that there cannot be any Bose condensation here since this
requires particle number conservation 3.

7.2 Laws of thermal radiation

7.2.1 Planck’s law
Determination of the law

Using the density of states p(e) of equation (7.10) and the average occupation number just deter-
mined, we can obtain the number of photons in the box whose energy lies within [¢, € + de] as

p(e)de Vv €2de
dN(e,T) = = 7.13
(67 ) 666 1 ﬂ_Q(hc)g 6’86 1 ( )
These photons carry an energy that is simply that number times the energy of a photon
3d
AE(e, T) = cdN(e, T) = 4 (7.14)

72(hc)3 P — 1

From this expression, we may derive the spectral energy density in pulsation, per unit volume wu,,(T)
such that dE(e,T) = Vu, (T)dw. Quite easily, we find that this quantity obeys the Planck law

2. Strictly speaking, in the canonical ensemble all three T, V, and N are fixed external parameters. Here, only 7" and
V' are such, and N is actually an internal variable, which justifies the approach taken here to prove that p = 0.

3. Actually, there have been observations of Bose condensations for photons in very specific settings by which photon
conservation was obtained as a prerequisite (see, e.g., Klaers et al., Nature, 468, 545, 2010).
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(7.15)

Other expressions of the Planck law

There are many other, equivalent ways to express this result. For instance, this spectral energy
distribution may be expressed in frequency v rather than in pulsation, using the relation v = w/(2n)
and the condition that u, (T)dv = u,(T)dw for equivalent ranges

. 8wh? 1

wT) = c3 hv
exp <k:BT> —1

This may also be expressed per unit wavelength A = ¢/v instead of per unit frequency. Using the
constraint u, |dv| = uy|dA|, where the absolute values ensure both u, and u) to be positive, we have

(7.16)

8mhe 1
=5
exp (

Another quite common expression of the same result is to write not the energy per unit volume and unit
frequency interval w, or unit wavelength interval uy, but the specific intensity or brightness I,, (or
I,), which is a fundamental quantity in astrophysics and is defined as the power per unit surface, per
unit solid angle, and per unit frequency (or wavelength) interval. In the case of an isotropic radiation
field such as that of a black body, we have

ux(T) (7.17)

he _
kT

I ="Su, I = (7.18)

:471'

and therefore the Planck law, written in terms of these, states that I, = B, (T") and I = B)(T) with

2hv3 1
B,(T) = = o (7.19)
—1
- (kBT>
2hc? 1
B\(T) = ’G e (7.20)
exp ()\kBT> -1

Representative curves

At a given frequency v, if To > Ty, we immediately have B, (T3) > B,(T1) and B)(T2) > Bx(T1),
showing that the representative curves of black body emission are like "Russian dolls". These curves,
for B, are shown for various temperatures in Fig. 7.1.
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FIGURE 7.1 — Curves for black body emission B, at various temperatures, as a function of frequency.

7.2.2 Limiting cases
Low frequencies : Rayleigh-Jeans law

At low frequency, i.e. for v < kgT/h, or equivalently long wavelengths A\ > he/kgT, Planck
functions B, (T) and B)(T') may be approximated by the following expressions

QI'CBTZ/2 QkBCT
— Baxry=—g—

B (7.21)

c2

These form the Rayleigh-Jeans approximation, that is particularly useful in radioastronomy. We
note that the spectral energy density in pulsation associated to that approximation is

kBTw2

et (7.22)

Uy, R =

an expression that may be interpreted classically. Indeed, recall that in classical physics, energy equipar-
tition states that an energy kgT is ascribed to each 1-dimensional oscillator in thermal equilibrium 4.
Therefore, the energy per unit volume associated to modes of the radiation field within the range
[w,w + dw] is, classically,
o(w)d
Uy dw = 20 (”‘2 YT (7.23)
where the density of modes 5(w) is obtained by equating p(w)dw to the corresponding number in energy
space p(e)de, i.e.,
Ve de B Vw?
72(hc)3 dw 723

plw) =

(7.24)

4. We have kpT'/2 for the mean kinetic energy and kpT'/2 for the mean potential energy.
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from which we have u, 1 = uy, rs. The Rayleigh-Jeans form is what we would find classically, and we
see that the total radiation energy in the box, integrated over all pulsations, becomes infinite

Ug] = / Uy c1dw = B / w?dw = 0o (7.25)
0 0

m2e3

This is the ultraviolet catastrophe that prompted the suggestion for a quantization of the radiation
field. This quantization is not apparent at low frequencies hv < kT because there needs to be a great
many photons with energy hv to attain the typical thermal energy kT in a given mode.

High frequencies : Wien law

Conversely, at high frequencies v > kgT'/h or short wavelengths A < he/kgT, the Planck func-
tions B, (T) and By (T') may be approximated by the following expressions,

2hv?3 hv 2hc? he
B,w = —— B = —— — . 7.2
W 2 exp < kBT> AW PG exp ( )\k‘BT> (7.26)

These form the Wien approximation. In this limit, even just one photon provides an energy much
larger than kT, so there cannot be many photons in these modes at thermal equilibrium. The figure
below shows the Planck law for a black-body at the temperature of the Sun, as well as the Rayleigh-Jeans
and Wien approximations that are appropriate for low and high frequencies, respectively.

4 019—8

— Planck
3.5 — Rayleigh-Jeans|
— Wien

3.0

2.5

2.0

1.5

B, [Wm™2 Hz ' .sr!]

1.0

0.5

080 05 10 15 2.0
v [HZ] lel5

FIGURE 7.2 — Planck’s, Rayleigh-Jeans’ and Wien's laws for black body emission at T' = 5800 K.

7.2.3 Wien's displacement law

The representative curves for black body emission present a maximum, that may be computed semi-
analytically. We discuss here the case of B, (T'), but similar results may be obtained for By. By posing
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x = hv/kpT, Planck's law may be rewritten as

2hv3 1 2 T\? 23 23 T3 g3
hv _ h(kB ) v 2ky x (7.27)

B, = = —
c? ox hv 1 c? h et —1 c2h? er —1
AV

so that the maximum of B, is obtained by finding that of 2:3/(e® — 1), a rather simple job numerically.
The result is Tyax ~ 2.82, so that the frequency vyax where the black body emission B, (T') peaks is
proportional to T', according to Wien'’s displacement law

”’;‘X ~ 2.82%3 = 5.8810%° Hz. K (7.28)

This may be done also for B,(T), yielding that the wavelength for which this is maximum is in-
versely proportional to T,

AmaxT = 2.89 1073 K.m (7.29)

We note that Apax Vmax 7 ¢ because the functions to be maximized are different. We may also consider
the case of the function® vB, = AB,, for which we obtain a peak frequency v/ .. and wavelength

max

AL .. that are related by X/ v/ . = c. Numerically, we have
Vs k 10 -1 / -3
P~ 3.927 = 8.1710% HzK N T =367107% Km (7.30)

As an example, for stars of different spectral types, including the Sun (G2), we have the following
values for the peak :

Spectral type 05 B5 A5 F5 G2 G5 K5 M5
T [K] 54000 15200 8310 6700 5778 5660 4400 3200
Vmax [101° Hz]  3.17  0.89 049 039 034 033 026 0.19
Amax [p#m] 0.05 0.19 035 043 050 051 066 0.91
Vlax [10Y9HZ] 441 1.24 068 055 047 046 036 0.26
Ao [m] 0.07 0.24 044 055 0.64 065 083 1.15
Domain EUV Far-UV Near-UV Blue Yellow Yellow Red Near IR

7.2.4 Stefan-Boltzmann’s law

We may compute the total energy contained in the radiation field as the integral of dF

14 i ede V(kgT)* [ 23dx
E(T, V)= = 7.31
(V) 772(710)3/ <\ 4 72 (hc)3 /0 e’ —1 (731)
kgT
The integral in the last expression is
© z3dz 7t
= 7.32
/0 e =1 15 ( )

5. The relationship stems from the constraint that the energy B, |dv| in the range |dv| should be equal to that B |d)|
in the corresponding range |dA|.
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so that we finally have the energy E(T, V') given by Stefan-Boltzmann’s law

4V 2m° k%
2V 95 4 e T

9 ) = @ ~ 15¢2h3

=56710"% Wm 2K™* (7.33)

where og is Stefan’s constant. The energy of the radiation field per unit volume is

E  dog,.,
=—=_2T 7.34

From the expression of the energy E we find the heat capacity

oF 160’5 3
v = —_ == T 7
e (57) -2 (7.35)

The reason for isolating the factor 4/c out of the constant og is because Stefan-Boltzmann's law is
often expressed in terms of the bolometric outward flux F of the black body, that is the power
radiated per unit surface of the black body, integrated over all frequencies

F= /0 " / / B, (T) cos 6dS (7.36)

where the double integral is over a half-space 8 € [0,7/2] and ¢ € [0,27]. This quantity is then given
by the following form of Stefan-Boltzmann's law

F=ogsT* (7.37)

7.2.5 Grand-canonical potential, radiation pressure, and entropy
From the average occupation number we derive the grand-canonical potential for the photon gas®

J = —k:BT/ ple)ln |1+ de = FpTV ln[1- e‘ﬁe]de (7.39)
0

€ -~ w2(he)? Jy
eXP(k:BT) 1

and this may be integrated by parts to reveal the relationship with the energy. This is similar to the
computation of J in the case of the bosonic gas in the previous chapter, with the difference that in
that case p(e) o €'/2 while in the present case p(¢) o 2. We find that

1 Vv 8 1 4Vog
J=—-= . de=--FE=— T4 7.40
3 72(he)3 /O P17 73 3¢ (7.40)

Note that the Helmholtz free energy is identical to the grand-canonical potential, since the chemical
potential is null,

F=J+uN=1J (7.41)
6. Recall that we have
J=—kpTInE=—kpT» In&x=—kpT» In(1+(Ny)) (7.38)
BY) BY)
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Since J = — PV, a result derived from the linearity of J with respect to V, we conclude the following
important result for the radiation pressure of an ideal photonic gas

1E UZ@T‘l

3V 3 3¢ ()

In fact, the result P = /3 is valid for any radiation field that is isotropic’. As for the entropy of

the photonic gas, it reads®
a.J 1 /0F 1605 &
= (2L} 2 (ZE) —2%Syr 4
s=—(57), =3 (or), =5 (749

For an adiabatic, reversible transformation of the photon gas, the product T3V is therefore a constant.
And since P o< T* we find that in such a transformation PV*/3 is also constant. We find a polytropic
behaviour with an exponent v = 4/3 that is also what we find in the extreme-relativistic case for a
degenerate Fermi gas, such as in white dwarfs reaching the Chandrasekhar limit.

7.2.6 Thermodynamic derivation

One can obtain Stefan-Boltzmann's law and the form of the entropy of the photon gas through
arguments of purely classical thermodynamics. Let us consider a box maintained at temperature T,
in which a photon gas is at thermal equilibrium with the box, the latter being closed on one end by
a piston, so that the volume V' may vary depending on the pressure exerted by the photon gas. The
internal energy of the gas is U(T,V) = u(T)V, where the energy density u is an intensive quantity
that is uniform and independent of V. In an infinitesimal, reversible transformation of the system, the
first principle gives

AU = §Q + 6W = (CodT +1dV) — pdV = CodT + (I — p)dV = C,dT + (l - %) AV (7.44)

where we have used that the pressure p = u/3 for an isotropic radiation field® On the other hand,

AU = d (uV) = Vdu + udV = Vj—;dT +udV (7.46)
so that 4 A
U U
,=V— et l=— 7.47
C VdT e 3 ( )
Using then the second principle of thermodynamics, we have
Q G, l V du 4u
= Ty dv = = Sar+ 22 4
ds T T dT + TdV Tde + 3TdV (7.48)
Maxwell’s relations state that cross-derivatives must be equal for the exact differential d.S, so
0 (4u 0 [V du 4 du 1 du 1du 4u
[8T (3T>L/ [av (T dT)]T 7 372 [ ar “} TdT ~ TdT ~ T (7.49)

7. We note that the relation PV = E/3 is also found for an extreme relativistic electron gas, as it should since the
relationship between energy and momentum is then the same, € = pc.

8. There is no issue here of whether p or N is held constant, as the energy depends only on temperature and volume.

9. This is demonstrated for the black-body in the previous section, but is actually valid for any isotropic radiation
field, because of the general defintions of the energy density u and of the radiation pressure p

u = l/ du//fydﬂ p= l/ dV//IVCOSZ 0dQ2 (7.45)
cJo cJo

where the double integrals are over all 47 steradian. The isotropy allows to take out the specific intensity I, from that
double integral and the result ensues from the numerical values of the integrals over 6.
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which yields that
du AT ,

This in turns gives the expression of the entropy of the photon gas
~ Vdu 4 4aT3 _da

o U — 2
ds = TdeT+ 3TdV 4aVT=dT + 3 dv 3

(BVT?dT + T%dV) = %‘ld (VT®) (7.51)
i.e., using the third principle of thermodynamics

4
= ?GVT?’ (7.52)

7.3 Emission and absorption of radiation

As we mentioned, the establishment of an equilibrium within the photon gas requires that it be
mediated by interactions with matter. Material particles (atoms and molecules) harbour discrete energy
levels (electronic, rotational, vibrational), and such a particle may undergo a transition from one level to
the other by absorbing or emitting a photon of the right energy, that is, equal to the energy difference
between those two levels. The probabilities for such transitions are ruled by a set of coefficients, called
Einstein coefficients, that may be derived from one another through simple relations.

7.3.1 Absorption, spontaneous emission, stimulated emission

As a simple case, consider a two-level system, where the levels are noted u (for upper) and [ (for
lower), with energies E,, and E; < F,,. We write g, and g; for the statistical weights of these levels, n,,
and n; for their populations, i.e., the number of particles per unit volume in each level. The radiative °
transitions from one level to the other occur via the emission (in the u — [ case) or the absorption
(in the I — u case) of a photon whose frequency is

= 2=t (7.53)

There are in fact three processes by which a material particle and a radiation field may be coupled, which
Einstein identified as absorption, spontaneous emission, and stimulated (or induced) emission.

Spontaneous emission Absorption Stimulated emission
u

I/\/\/ huy, hl/ul/\/\/l hyul/\/\/Tw hvy
l

FIGURE 7.3 — The spontaneous emission, absorption, and stimulated emission processes.

10. We ignore collisional transitions here.
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Spontaneous emission

Spontaneous emission occurs when the atom, initially on the upper level u, goes down to level [
spontaneously, emitting a photon hw,,; in the process (Fig. 7.3, left). This happens whether or not a
radiation field is present. It is characterized by the Einstein coefficient of spontaneous emission A,
which is defined as the probability per unit time that such a transition should occur for a given atom
on the upper level. It is therefore expressed in s~1. The number of such transitions per unit volume in
a time dt is then

dn'? = Ayn,dt (7.54)

Absorption

Absorption occurs when the atom, initially on the lower level [, goes up to level u by absorbing a
photon hu,,; (Fig. 7.3, center). This requires a radiation field to be present. It is characterized by the
Einstein coefficient of absorption B;,, which is defined so that the probability per unit time that
such a transition should occur for a given atom on the lower level is Bj,u,,,. The number of such
transitions per unit volume in a time dt is then

dnl(Z) = By, mdt (7.55)

Stimulated emission

Einstein suggested the existence of this third process, by which the atom, initially on the upper
level u, goes down to level [ through the interaction with a photon hv,;, and emits a second photon
in the process, identical to the first one (Fig. 7.3, right). The probability for this process to occur, per
unit time, must therefore, like absorption, be proportional to the radiation field at that frequency. The
process is characterized by the Einstein coefficient of stimulated emission B,;, which is defined so
that the probability per unit time that such a transition should occur for a given atom on the upper
level is Byju,,,. The number of such transitions per unit volume in a time d¢ is then

dnl®) = Bujty,, nydt (7.56)

u

7.3.2 Einstein relations

These Einstein coefficients describe processes at the microscopic level. They do not presume of
the thermodynamic state of a macroscopic system containing a very large number of such particles
in a radiation field. It is therefore possible to suppose that this macroscopic system is in thermal
equilibrium and derive relations between the Einstein coefficients that will hold true even outside of
such an equilibrium.

At equilibrium, the number of upwards and downwards transitions per unit time must be equal,

(e) (s) _ q.,(a)
dn,,/ +dn,; =dn,, (7.57)
This relation may be written in terms of the radiation field's spectral energy density and of the popu-
lations of the two levels involved, using the relations defining the Einstein coefficients,

(Aul + Buluuul) Ny = Bluuuulnl (758)

and we reorder this equation to isolate the spectral energy density of the radiation field

Aul
Aulnu Bfl
. _ u 7.59
Hrw Blunl - Bulnu %ﬂ _ ( )
By ny
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Now, at thermal equilibrium, the radiation field obeys Planck’s law, and the populations of the two
levels are determined by the canonical probabilities of equation (3.9), so

:—i = %exp <—Elk;TEu) = % exp (Z:;) (7.60)
Combining this relation with the expression of the spectral energy density for the radiation we have
Al
8why3, 1 _ Bu (7.61)

3 exp(hym>—1 Bluglexp<hl/ug>_1
kBT Bul Gu kBT
and this relation must hold for any temperature. Consequently, the Einstein coefficients are not inde-
pendent, and they obey the following two Einstein relations

A, 8whyd
9iBiu = guBui Bii = Tul (7.62)

These relations'? make no reference to the temperature T, they are valid even outside of thermal
equilibrium and stem from detailed balance relations at the microscopic scale. We note that it suffices
to know one of the coefficients to know all three of them. Usually, the coefficient A,; is given in spectro-
scopic tables'?. As an order of magnitude, allowed transitions have A4,; ~ 10% s~!, while forbidden
transitions have much smaller A,; values (for instance, the H1 21 cm line has A,; = 2.85 1071° s71).

7.3.3 Kirchhoff’s law

Let us consider a material body in thermal equilibrium with a radiation field. The material body
absorbs, reflects, and emits photons in order to maintain equilibrium with the field. The isotropy of
the black body radiation implies that the amount of radiative energy per unit volume, per frequency
interval, and per unit solid angle '3 is

1 dj_uidﬁ_ hw? 1 _2h1/3 1 _& (7.63)
A7V dv  An dv  2w2B B 1 @3 GShv 1 ¢ '

Now consider a surface dA on the material body, as in Fig. 7.4, and the amount of radiative energy
this surface element receives, in a time dt, carried by photons with frequency in [v, v+ dv] coming from
a set of directions within an elementary solid angle d€Q). This energy is

B,
dejpe = —drvdQ x dA x edt X cos 6 (7.64)
c

where 6 is the angle between the incident radiation direction and the normal to the surface element.
The product dA X cdt x cosf represents the volume of the cylinder within which the photons must
have been in order for them to reach the surface element between ¢ and ¢ 4 d¢. A fraction a,, () < 1 of
this energy, called the absorptivity, will be absorbed by the material body, depending on the frequency

11. Note that in some texts slightly different relations are obtained because the Einstein coefficients B,,; and By, are
defined with respect to the mean intensity J, of the radiation field rather than with respect to the energy density u, .

12. Examples are NIST (https://www.nist.gov/), LAMBDA (https://home.strw.leidenuniv.nl/ moldata/) or
CDMS (https://cdms.astro.uni-koeln.de/)

13. We recall that in spherical coordinates, the elementary solid angle is dQ2 = sin §dfd¢ and is equal to the ratio of the
elementary surface dA subtended on a sphere to the squared radius R? of that sphere. The solid angle over all possible
directions is 4.
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FIGURE 7.4 — Kirchhoff's law

and the incident direction. So the quantity of radiative energy in that frequency interval and elementary
solid angle that is effectively absorbed is

deaps = @, (0) B, cos 0dvdQd Adt (7.65)

If we assume that whatever reflection there is on the surface does not change either 6 (no scattering,
consistent with Snell-Descartes laws) or v (no fluorescence), the condition for equilibrium requires that
this amount of absorbed radiation be balanced by an emission of photons from the material body, in
the same frequency range and the same direction. Let us write the amount of energy emitted in these
ranges by a surface dA of the body during a time interval dt as

deem = 7, (0)dvdQ x cos8dA x dt (7.66)

where the cosine factor is needed to take into account that the apparent emtting surface, for this
direction 6, is dA cos 6. This defines 5, (0). Then equilibrium requires

= B,(T) (7.67)

so even though the absorption and emission properties of different bodies may vary, we see that,
in thermal equilibrium, their ratio is independent of the body, and only depends on the frequency and
temperature. This is Kirchhoff’s law. If scattering or fluorescence are important, it needs to be adapted
to include integrations on direction and frequency on each side of the balancing equation de,p,s = deep, .
A black body is one for which a,, = 1, absorbing all radiation that reaches it. For non black bodies, a
related useful quantity is the emissivity 1# £, which is defined as the ratio of this body's emission to
that of the black body at the same temperature, so Kirchhoff's law may also be stated as

= _q, (7.68)

9
v By

14. Note that "emissivity" is a term used for a different yet related concept in radiative transfer.
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The emissivity is at most unity, and this is reached only for black-body emission. This is why it is
sometimes stated that there cannot exist a physical object emitting more than a black-body. A material
body whose emissivity is less than unity but does not depend on frequency is called a grey body.

Wavelength [mm]
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1 1 1 1
400 - —
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FIGURE 7.5 — Spectrum of the CMB measured by COBE/FIRAS [Mather et al., 1990] .
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FIGURE 7.6 — CMB temperature as a function of redshift, using molecular line absorption measurements
[Noterdaeme et al., A&A, 526, 7, 2011 |.
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7.4 An example of black-body : the CMB

The cosmic microwave background (CMB), predicted by the works of Alpher, Herman, and
Gamow in 1948, and discovered by Penzias and Wilson in 1965 [ApJ, 142, 419], is a near-perfect black
body, with no measurable deviation from the Planck law 15, as shown in Fig. 7.5. The error bars on this
spectrum measured by COBE/FIRAS in 1990 represent 4000, which means that the typical uncertainty
on each data point in extremely small. The emission peak of B, is around 1.87 mm, corresponding to
a frequency of 160 GHz, and a temperature Toyp = 2.725 K. This is the temperature at the present
epoch, and the cosmological expansion suggests that it should vary with the scale factor a(t) of the
universe, or equivalently with the redshift z, as

1
TomB X a x1+z (769)

which is consistent with an isentropic evolution of the CMB photon gas, for which T3V is a constant.
This is observed through the measurement of Tevp(2) from molecular absorption lines, such as shown
in Fig. 7.6. The origin of this radiation lies in the decoupling of matter and radiation approximately
380000 years after the Big Bang, when the Universe's temperature fell below ~ 3000 K. Protons and
electrons were then able to recombine, leading to a dramatic increase of the photons’ mean free path.
These are the ones forming the CMB.

15. There are spectral deviations, that are due to the Sunyaev-Zel'dovich effect, an inverse Compton scattering of the
CMB photons on the high-energy electrons present in clusters of galaxies.
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Equilibrium in an external force field

In this chapter, we consider a macroscopic system of identical particles subject to an external force
field. As examples of such a system, we may think of the molecules of a gas in a planetary atmosphere,
subject to the gravitational attraction § of the planet, or of the electrons in a metal subject to an
electrostatic field £. Our general hypotheses here are :

— (H1) that the force field is constant in time and derives from a potential ¢, i.e., F = —V¢

— (H2) that the presence of ¢(') does not alter the nature of interparticular interactions

— (H3) that ¢(7) varies appreciably only over macroscopic scales

8.1 Equilibrium conditions in an external field

8.1.1 Influence of the field on local conditions
The system as a collection of sub-systems

Let us consider the system S as a collection of many mesoscopic-scale disjoint sub-systems 0S;, i.e.

S=]Jss (8.1)

The "mesoscopic" condition means that the sub-systems are large enough to contain a very large
number of particles, so the methods of statistical physics developed so far may apply, but small enough
that over each of these the potential ¢(7') may be considered approximately uniform. Every such sub-
system may exchange energy and particles with the rest of the system, which makes the latter a reservoir
of energy and particles for that sub-system. In other words, we can treat each dS; as if it were in contact
with a reservoir that imposes both its temperature T" and its chemical potential p.

Grand-canonical description

Writing E, for the energies of the various states of the sub-system in the absence of a field, the
second of our general hypotheses (H2) ensures that the individual states |¢) are not modified by the
presence of the field, and that this simply alters these energies by adding the corresponding potential
energy to each of its particles

E, — Eé = Ey + Noo(T) (8.2)
From this consideration, it is straightforward to write the probabilities p), for these microstates
1 -
= EG—B[EZ-&-NM(T)—MNZ] (8.3)

—
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FIGURE 8.1 — A system S as a collection of sub-systems.

and the corresponding grand-canonical partition function
(T, u,7) = Z e BlEe+Neg(7)—puNe] _ Z e AlEAMING — 2T, (7)) (8.4)
1) 1)

where the addition of the potential energy translates into a modification of the chemical potential,
which becomes a local chemical potential dependent on the position in the system S, with

() = p — o(7) (8.5)

8.1.2 Condition for local equilibrium

Now for the whole system to be considered at equilibrium, it should have a uniform temperature T’
and chemical potential p, otherwise parts of the system would spontaneously lose energy or particles,
on average, to other parts of S. We therefore must have T' uniform, but also

i(F) + o(F) = p = C* (8.6)

The average number of particles in the subsystem located at position 7 is given by

1 - 10In= 190lnE
N'(F)) = Np/ = — N e—B[Ez—u(r)Ne] - _ — = _ 8.7
(N*(7)) %) W=z %) f 5 on ~ 7 op (8.7)

We recognize here the expression for the average number of particles in the grand-canonical framework
if the imposed chemical potential were [

(N'(7) = (NIT, a(7)]) (8.8)
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For all physical quantities Y, except energy, the average value at position 7 is, similarly, equal to that
which would be obtained if the imposed chemical potential were /i, i.e.

(Y'(1) = (Y [T, a(M)]) (8.9)
Of course, for the energy, there is the added contribution of the potential energy
(B (7)) = (E [T, a(M)]) + (N [T, a(F)]) () (8.10)

8.1.3 Interpretations
Canonical interpretation of the local chemical potential

Consider a specific sub-system 08 of volume 0V at position 7. Imagine that its number of particles
N is fixed, in order to work in the canonical description. Its partition function in the presence of the
external field reads

Z(T.6V,N)= Y e PP = N0 z(T 5V, N) (8.11)
{16)|Ne=N}

introducing the partition function Z(T,6V, N) in the absence of the external field. From this relation,
we establish the link between the canonical chemical potential of the subsystem in the absence of the
field () and in its presence (L),

pL(T,6V,N) = ¢(F) + pe(T, 0V, N) (8.12)
This stems from the definition of the Helmholtz free energy and the canonical chemical potential, with

, _OF 10wz 19

MC:37]\7__BW__BﬁiN[_ﬁNd)(F)—Fan]:wF)—'—’uc (8.13)

Now in reality the sub-system is not in the canonical situation, as its number of particles may fluctuate,
and its chemical potential is imposed by the rest of the system, but if it is large enough, these fluctuations
are small, and the most probable value {N’(7)) in the presence of the field must be such that its canonical
chemical potential is equal to that imposed by the rest of the system, i.e.

pe[T, 0VAN'(7))] = p (8.14)
Now this yields a simple interpretation to fi, since

(F) = 11— $(F) = WL, V. (N (7)] — 6(F) = [T, 8V, (N ()] (8.15)

so the local chemical potential i is just the canonical chemical potential that the sub-system would
have in the absence of the external field, but for a number of particles equal to the most probable value
in the presence of the field.

Physical interpretation of the equilibrium condition

Take two adjacent sub-systems 0857 and 0Ss, located at positions 71 and 75, and suppose that
¢(71) > ¢(72). From a mechanical point of view, we expect the force, as the opposite of the gradient of
¢, to drag particles from 68 to §S2. Now the equilibrium condition that fi(7) 4 &(7) is a constant means
that a(7) < (7). Writing the variation of the Helmholtz free-energy of the joint system 6S; U 0Ss
due to the sole particle exchange between the two parts, we have

dF = dFy + dFy = [i(71) — ju(72)] dN; (8.16)

and this must be negative in a spontaneous evolution. Therefore, dN; > 0 which means that from a
statistical point of view, particles tend to leave S, for §S;. This is the opposite motion to what the
mechanical point of view finds. The equilibrium is due to both of these trends compensating each other.
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P(71) > ¢(72)
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FIGURE 8.2 — Physical interpretation of the equilibrium condition

8.2 Examples
8.2.1 Simple fluid in a force field

We consider a simple fluid, that is described by three state variables, and for these we choose for
convenience, the temperature T', pressure P, and number of particles N. In this system of variables, the
only extensive variable is N, and therefore the chemical potential, which is intensive, cannot depend
on it. In the absence of a field, it only depends on T' and P, so we write it as po(7, P). When a
non-uniform field ¢ is present, the chemical potential varies spatially, but fi(7) is, as we saw, the same
as o (in the absence of the field) provided we consider it as a function of the local temperature and
pressure. The former remains uniform as we saw, so it must be that the pressure is spatially varying,

A7) = po[T', P(7)] (8.17)
The condition for equilibrium then reads
[T, P(#) + 6(7) = C* (8.18)
from which we take the gradient
(?;)T VP4 Vo= (8.19)
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The partial derivative in the first term is simply the inverse density !, and is also a function of position

——VP+Vp=0 (8.20)

This is the hydrostatic equilibrium equation. As an example, we take the case of a classical ideal gas
in a uniform gravitational field, so that the problem is one-dimensional, and we have P = nkgT on the
one hand, and ¢ = mgz on the other, with m the mass of the particles. The above relation becomes
1dP kgT dP
el =0 =0 8.21
n dz +mg P d=z +mg ( )
which is easily solved to yield the well-known result that illustrates the Boltzmann factor for gravitational
potential energy,

P(z) = Pyexp (— Z;g;) (8.22)

The scale height of this exponential decay is H = kT /mg, and it may be noted that this decay is
quite shallow at room temperatures, with P varying by less that 0.1% for a 10 m ascent. In a more
realistic model of the atmosphere, it is necessary to take into account the variation of T with altitude.

2z

A

_6¢

KQ
I

FIGURE 8.3 — Stratification of a simple fluid.

1. Indeed, we have the Gibbs free-energy G(T, P, N) = Nu(T, P) for a simple fluid, and the required relation stems
from the differential expression dG = —SdT + VAP + pudN. Using Maxwell's relations, we have

(2e) - () -1
aP)r \ON)p n

where the last relation stems from the fact that V' and N are extensive variables and so are proportional to each other.
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8.2.2 Electric equilibrium of a conducting medium

Position of the problem

We consider a conducting medium in which positive ions are fixed at certain positions in a lattice,
and conduction electrons are free to move around. If no electric field &, is applied, the positive and
negative charges will balance out over a sufficiently large (mesoscopic) volume, and the net charge
density will be null p = 0. Now, an external electric field Euxt IS applied, created by an external charge
distribution pey;(7), and associated to an external electrostatic potential? @eyi. We recall that

poxt 3 =~ =
d Eext = —Vpex 8.23
dre /// |7 — 7| t Pext (8.23)

Under this external potential, the electrons are displaced, and potentially the internal charge density
pina(7) becomes non-zero. This in turns induces an electrostatic potential ¢inq(7) and the associated
electric field £,q. The electrons are therefore subject to the total potential p(7) = Pext(7) + ina (7).

Cpext 7_:)

Pind

FIGURE 8.4 — Electric equilibrium of a conducting medium.

Equations of the problem

We start by writing out the equation for the equilibrium of the electrons in a small volume 6V,
introducing the local chemical potential fi(), which must be a function of the canonical variables T,
(ON'(7)) (the number of electrons in the presence of the external field, that may vary spatially), and
0V. Now, since the chemical potential is an intensive quantity, it must actually be a function of 7" and

W'() = (SN'(7))/8V, so
(F) + 6(F) = i(F) — ep(F) = puo [T,/ (7)] - exp(F) = C* (8.24)

2. Note that the relationship between ¢ and ¢ is that ¢ = g for an electric charge g placed in the electrostatic field.
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Now the induced electric charge density is simply due to the excess or lack of electrons3

the case with no external field

compared to

pind("?) = —€ [n/(?) - Tl} (825)

where n is the density in the absence of the external field. The total electrostatic potential must be
related to the total charge density through the Poisson equation

1 1
Ap+ —p=Ap+ — (pext + pind) =0 (8.26)

€0 €0
SO since pext is given, the potential is determined by pinq(7), which itself is determined by n’'(7), and
this equation should be used in conjunction with the equilibrium equation (8.24) to determine both ¢

and n’ (or ping) consistently. We may assume that the effect of the field on the charge density is small,
so that we may write a first order Taylor expansion of the chemical potential as

o [T, (7)) ~ (T, m) + (%‘;)T /(7)) = po(T\m) — © (%’f)Tpimm (8.27)

This shows that in this approximation, pg [T, n/(¥)] is linear in the induced charge density ping. The
equilibrium equation (8.24) then implies that ¢ is also linear in pi,q, with

o(7) = o + ! (%)T [n'(7) — n] = po — : <(2)/:;))Tpind(f3 (8.28)

e €2
where ¢ is a constant. Finally, taking the Laplacian of that last equation, and combining with the
Poisson equation,

e

Apind - k(z) (pext + pind) - 0 kO = (829)

¢ o
o\ on T
The parameter kg is the inverse of a characteristic length

1 1 8,uo
o= — — - 9o .
=g =1 €0<8n)T (8.30)

It should be recalled that the partial derivative of py with respect to n need indeed be positive for the
equilibrium to be stable, as found in equation (3.51).

Characteristic lengths for metals and semiconductors

In the case of a metal, we have

B2 ( 672 N>2/3 B2
Ho -

i) o (3n2n)*/° (8.31)

- 2m 2m

which is an expression of the kinetic energy at the Fermi level. It is not only valid at 7' = 0 but also at
ordinary temperatures due to the very large values? of the Fermi temperature T%. We then have for [,
an expression that is called the Thomas-Fermi length, which is of order 1 A.

Er2/3  [e
[y —— = —1/6 32
0 =ltF c m(3n) (8.32)

3. Remember that ions are assumed to be fixed, their density does not change in the presence of the field.
4. The density of charges in a metal is of the order 1022 cm 3, leading to Fermi temperatures in excess of 10% K.
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In the case of a semi-conductor, the density of free electrons is much smaller than in a metal, so
that this may be treated as a classical (rather than fermionic) ideal gas. The chemical potential in that

case is given by equation (3.90), i.e.,®
— K Tln(i) pin | 2| = i [ Gk (8.33)
Mo = —RB N B NAs| = FB n N e .
which may be written more concisely to underline the role of the density n as
T 2rmkpT)%/?
fo = —kpTIn [a()] a(T) = 2% (8.34)
n

The characteristic length is then the Debye length, which appears also in the context of space plasmas,
which are also low-density media,

GOI{ZBT
ne?

lh=1Ip= (8.35)

Screening

Consider the case where the external field is created by a single, outside charge ¢ located at the
origin of the coordinate system. In that case, pext(7) = ¢od(F) and if we consider that charge to be
sufficiently far away from the metal's surface, we can assume that its effects are spherically symmetric.
Consequently, equation (8.29) reads

1 d?

R (rpina) — ko pina = k3qod(7) (8.36)

and the right-hand side vanishes outside of the origin. The solution to this is a linear combination of
exponential terms, only one of which is physical, so

A —kor — —kor
pind(F) = ?6 ko 90(7’) = —€ ko (837)

The constants may be obtained by reinjecting into the Poisson equation, finding the asymptotic beha-
viour as r — 0, and comparing that result with the Gauss theorem for a single charge since when we
consider a point very close to the charge gg the potential should be dominated by that part. Eventually,
we obtain a0
_ —kor
)= -——e€ 8.38
P = Trear (8.38)
which, compared to the external potential created by the single outside charge, is attenuated very
rapidly (on a scale ~ ly) because this charge attracts opposite ones towards it, so that for a charge
further out, the net apparent charge is diminished. This is a phenomenon called screening.

5. We recall that s = 1/2 for electrons, so the spin state factor is 2s + 1 = 2.
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Magnetism

The magnetic properties of materials provide a rich topic to apply the methods of statistical phy-
sics. In this chapter, we will discuss the microscopic models for these magnetic properties, distinguishing
between systems in which elements are independent (leading to paramagnetism and diamagnetism),
and those where interactions are essential, leading to ferromagnetism.

9.1 Generalities

In the presence of a magnetic field B, most materials acquire a macroscopic magnetic moment
M, that is in general parallel to B. The average magnetic moment per unit volume is called the ma-
gnetization

(M)

Depending on whether the magnetization is parallel or anti-parallel to the magnetic field, the ma-
terial is said to be paramagnetic or diamagnetic. Paramagnetism only occurs when the elements of
the system have permanent microscopic magnetic moments ji, that align in the applied field B. An
example of a paramagnetic compound is O,. Diamagnetism is caused by the change of electron motion
in the atoms or molecules of the material when a magnetic field is applied. These induced magnetic
moments are such that they oppose the applied field ! and so the magnetization is anti-parallel to the
field. Examples of diamagnetic compounds are bismuth, silver, and carbon. In general, paramagnetism
is larger than diamagnetism2. In ferromagnetic materials, microscopic magnetic moments are locally
ordered even in the absence of an applied field. These properties are sketched in Fig. 9.1

The response of the material to the applied field is quantified by the magnetic susceptibility, defined by

y = lim oM (9.2)

where M = Meé, if B = Bé,. Since magnetization has dimensions of an electric current per unit
length (A -m™!), it has the same dimensions as a magnetic field divided by the magnetic permeability

1. This is Lenz’s law.
2. In a diluted gas of free electrons, the two effects exist, and are of the same order of magnitude.
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FIGURE 9.1 — Schematic behaviours of diamagnetic, paramagnetic, and ferromagnetic materials with
and without an applied magnetic field.

Lo, as can be shown from the Maxwell-Ampére law 3. Thus, the susceptibility has the same dimension
as the inverse of g, and is usually given in terms of the dimensionless ¥ = pugx. Obviously, x > 0
for paramagnetic materials and x < 0 for diamagnetic ones*. The treatment of these systems (and of
ferromagnetic ones later) may be done in the canonical framework, based on the fact that the energy

associated to a magnetic moment /i in a magnetic field Bis
e=—i-B (9.3)

Thus, if a system of volume V' consisting of N magnetic moments {i;}, in contact with a thermostat
at temperature T', acquires a total magnetic moment M, when in state |¢), the associated energy is
E; = —M;, - B and one may easily find® that the magnetization and susceptibility are

kgTOWmZ 1 0F 1 O°F

M=—""5 =~ voB X=—y i 5Ee

(9.5)

These expressions hold whether we are considering a diamagnetic, paramagnetic, or ferromagnetic mate-
rial. We will now explore the microscopic models of these in turn, focusing first on paramagnetic systems,
then discussing at length the topic of ferromagnetism. We will not discuss the case of diamagnetism.

9.2 Paramagnetism

9.2.1 Hamiltonian

Let us consider a paramagnetic material of volume V, at temperature T, to which we apply a
uniform magnetic field B = Bé,. The material consists of N permanent magnetic moments [i;, that
may be related to the respective angular momenta® .J; through

fii = gupJ; (9.6)

3. A magnetic moment is expressed in A - m?2, so a magnetization is indeed in A - m~!. The Maxwell-Ampére law
gives that [B]/L = po[j] = po - A - m~2 and thus [B]/uo = A -m~1.

4. We have typically || ~ 1075 — 1076 for diamagnetic liquids ands solids, and ¥ ~ 102 for paramagnetic ones.

5. It suffices to write the average magnetic moment (M) using the canonical probabilities p; of Eq.(3.9), i.e.,

1 1 1 1 0z kT oWz
== peMy=—=> Mpe PP = —— " MePMeB = — = 2B 0.4
M=y P T gy £ zv o7 ZVopEB) V9B 4)

6. These are the total momenta, comprising the orbital and spin contributions. They are expressed in units of 4, and
are therefore dimensionless.
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where g is the Landé factor, of order unity, and up is the Bohr magneton, with

@

LB = ~9.2741072* A - m? (9.7)

We already tackled such a system in previous chapters, when considering N atoms, each with a spin
s = 1/2 and associated magnetic moment /i that can point either in the direction of B (|+) state) or
in the opposite direction (|—) state), i.e., u, = u.

The Hamiltonian of the system, neglecting interactions between magnetic moments, is then

N N N N
H=Y e=-Y jii-B=—gugB-Y Ji=-gusB» J; (9.8)
1 =1

i=1 i=1 i=

where J; € {—J,—J+1,...,J —1,J} are the eigenvalues of the projection of each J; on the Oz axis.

9.2.2 The case of the two-level system J =1/2

For simplicity, we will consider the important case of the two-level system J = 1/2 from now on.
The formulas for the general case are given in section 9.2.3.

Partition function and Helmholtz free-energy

Since the particles are independent and distinguishable, as they are at specific discrete sites, the
canonical partition function is Z = 2", where z is the partition function of a single particle. It is
straightforwardly computed as

N

1/2 N
BJ gpupB
Z=2N= JEE — |2cosh .

z Z exp < T cos pT (9.9)
J=—1/2
From this, the Helmholtz free-energy is

F = —NkpTn |2cosh 228 (9.10)

2kgT

Magnetization and susceptibility

We obtain the magnetization from the general formula (9.5), which gives”’

_ Ngusp gupB
M = Ve tanh <2kBT (9.12)

The saturation magnetization is then, not surprinsigly,

Ngpp
M. = 9.13
L (9.13)
7. We have
IrB_ (guBB>
Mo _LOF _ 10 (NkBTln {QCOSh (WBB)D _ NEkpT 2kpT 2kpT (9.11)
VOB VOB 2kpT Vv (g,uBB>
cosh
2kpT
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Note that we already found this relationship, in Eq. (2.49), by writing explicitly the average magnetic
moment using the probabilities of the microstates, i.e.,

1 uN [ePrB — e=bnB uN uB
M= v (npp—n_p) = v (M - 7tanh kT (9.14)

and noting that we have u = gup/2 in this case. The magnetization has the behaviour sketched in
Fig. 9.2, which is simple to understand : at very low temperatures or very high fields, the spins align
themselves on the field, while at low field or high temperatures, the thermal fluctuations make the
orientations of the various spins completely random, resulting in no net magnetization.
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0.75

0.25

0.00

2MV
gupN

—0.25 |

—0.50 A

—0.75 |

-3 -2 -1 0 1 2 3

gupB
2% T

FIGURE 9.2 — Magnetization of the perfect paramagnetic crystal.

The magnetic susceptibility is then 8

. OM . |Ngup  gus 1 N(gup)?
X= 9B T ESo| 2V (2T, [gunB AVkpT (9.15)
cosh
UpT

We find Curie’s law that the magnetic susceptibility of a paramagnetic material is inversely proportional
to the temperature, with x = C/T and C being the Curie constant.

8. We recall that (tanh )’ = 1/ cosh? z.
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Energy and heat capacity

The average energy is given by Eq. (3.27), which gives®
NgupB gupB
E) = — tanh 9.17
() = =290 o (227 (0.17)

which, unsurprisingly, is equal to —V MB. The associated heat capacity is then °

gusB\’ 1
C = Nk 9.19
B(szT) coups? (91EB (9.19)
2kgT

It should be stressed that this is the energy and heat capacity associated to the magnetic energy only,
and that one should add to this any other type of energy relevant to the system under study, in particular
that associated to the vibrational degrees of freedom in the solid (see Chapter 10).

Entropy
The entropy S is computed from the general fomula F' = (E) — T'S, yielding

_ gusB\| gusB gupB
S = Nkp {ln {2cosh(2kBT)] 2T tanh<2kBT)} (9.20)

As it should, and as can be seen in Fig. 9.3, entropy goes to zero as T'— 0 or B — o0, since in that
case all magnetic moments are aligned and the system is therefore perfectly determined. In the inverse
limit B/T — 0, we get S = NkpIn2 = kg ln (2V) which is simply expressing that the 2%V states of
the system are equally likely. An important application of the fact that entropy is actually a function of
the ratio B/T is adiabatic demagnetization, a process by which a slow, reversible demagnetization of
an isolated paramagnetic system leads to significant cooling, reaching temperatures 1! of order ~ 1 mK

9.2.3 Formulas for the general case of J

In the general case of a quantized angular momentum J (either integer or half-integer), we have

the canonical partition function 2
N
. gupB 1
N h J+ =
- sin [ KT ( + 2)}

d gnsBJ,
B 7
Z = exp | ————— 9.21
; P ( kpT )  (9usB 621
Ji=—J sinh
2kpT
9. We have
grsB (guBB6>
<E>:—aan :—NE {ln2+ln |:cosh (gMBB’B>}}:—N 2 2 (9-16)
a8 a8 2 <9MBB/B>
cosh —
10. We have () N B 1 B
. _ _Ngus __9KB
" or 2 cosh? <9NBB> * ( 27€BT2> (518)
2kgT

11. One has to start from an already very low temperature of order ~ 1 K.
12. The reader is invited to check that the case J = 1/2 is properly recovered from these more general formulas.
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gupB

2kgT

FIGURE 9.3 — Entropy of the perfect paramagnetic crystal, normalized to Nkg, as a function of
the B/T ratio, also properly normalized. The horizontal dashed line corresponds to S/(Nkp) = In2,
reached in the limit 7' — 0 or B — oc.

from which we get the Helmholtz free-energy

. gupB 1
h -
sin [ T <J—|— 2)}

F=—-NkgTIn 9.22
l sinh usB ( )
2kpT
and from that the magnetization, shown in Fig. 9.4 for various values of J,
NgupJ gppJB gupJB
= B = MB 9.23
M v 7 < kpT MoeBr\ 0T (923)
where Bj is the Brillouin function of order J defined by
2J+1 2J+1 1 T
B = h{——2) — —coth(— 9.24
s@) = =55 oot ( 2.7 x) 27 < (QJ) (9.24)
The magnetic susceptibility also obeys Curie's law
N(gpup)*J(J +1)
_ 9.25
X 3VkpT (9:25)
The mean energy is given by the following formula, which may also be found from (E) = -V MB,
JB
(E) = —NgupBJB, | L2 (9.26)
kT
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FIGURE 9.4 — Magnetization of the perfect paramagnetic crystal for various cases of J.

The heat capacity and entropy may be computed as an exercise. Note that for the latter it is recovered
that S — 0 in the limit B/T — oo, and that in the other limit we get S — NkpIn(2J +1) as it
should since there are 2J + 1 equiprobable states for each of the N particles.

9.3 The phenomenon of ferromagnetism

The phenomenon of ferromagnetism is the property of some materials '3 to act as permanent
magnets, i.e., to possess a spontaneous magnetization M, even in the absence of any applied field B.

9.3.1 Experimental results
Magnetization

It is found experimentally that heating a ferromagnetic material - in the absence of an external
magnetic field - above a critical temperature, known as the Curie temperature, makes it lose its
ferromagnetic properties, rendering the material paramagnetic. This phase transition is of the second
order in the classification due to Ehrenfest, so that there is no latent heat and the two phases cannot
coexist. For instance, the Curie temperature for iron is T¢ ~ 1043 K = 770 °C. When measuring the
magnetization M as a function of the applied (uniform) magnetic field B = BEé,, a ferromagnetic
material exhibits the behaviour shown on the left of Fig. 9.5, while a paramagnetic material's behaviour
is shown on the right. The spontaneous magnetization appears as the non-zero value of M when B = 0.

13. Iron, nickel, and cobalt are examples, but compounds such as MnSb are also ferromagnetic.
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FIGURE 9.5 — Magnetization vs. applied field for a ferromagnetic (left) and paramagnetic (right)
material. On the left side, the curve of first magnetization is shown as a dashed line.

Magnetization only vanishes when a sufficiently large opposing field (the coercive field) is applied. It
appears also that magnetization is not a sole function of the applied field but of the history of the
system (a phenomenon called hysteresis).

The suggestion that magnetization is non-zero even in the absence of a magnetic field would suggest
that these materials should produce a magnetic field. Yet, iron and other materials are in fact found
to be unmagnetized as a whole, because a bulk of these materials is in fact composed of many small
domains, called Weiss magnetic domains, within which the magnetization is indeed non-zero, but
different from that of the surrounding domains, as shown in Fig. 9.6. The boundaries of the domains
are called Bloch walls. On the whole, the vector sum of the magnetizations of the different domains is
essentially zero. When applying an increasing magnetic field, the magnetizations of the various domains
start to align. When considering a single domain, the magnetization vs. applied field curve has the
behaviour sketched in Fig. 9.7, where the case T' < T¢ displays a jump from —M(T') to Mo(T) for
B = 0, while the curve is continuous for T' > T¢. This zero-field magnetization Mo(T') is shown as a
function of temperature in Fig. 9.11, showing that it goes to a finite limit when T' — 0, decreases for
an increasing temperature, and vanishes - as it should - at the Curie temperature.

Properties in the vicinity of the critical point

In the vicinity of the critical point, i.e., for |T — T¢| < T¢, the thermodynamic properties of the
system exhibit power-law scaling behaviours. In particular, the zero-field magnetization is

0 for T' > T¢

9.27
(TC — T)ﬁ for T < Tc ( )

Mo(T) X {

where 3 is a fractional exponent to be determined. Another example of such a behaviour is the heat
capacity at zero field

T—Tg)™* forT > 1T
o) o { T = Te)™  for . (9.28)
(Tc—T) « fOI’T<TC
where both o and o’ are positive exponents. A third example is the magnetic susceptibility
0 (T—Tc)_v for T > T¢
X(T) = lim — , 9.29
X(T) 550 0B {(TO —-T)™7 forT < Tc (9-29)

It turns out experimentally that whatever the (ferromagnetic) material, 3 =~ 0.34 —0.38, a ~ o’/ = 0.1,
and v ~ o' & 1.3 — 1.4. Other second-order phase transitions display critical behaviours with similar
exponents, leading to an idea of universal exponents, the origin of which needs to be explained.
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Weiss domain Bloch wall

FIGURE 9.6 — Weiss magnetic domains, separated by Bloch walls.
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FIGURE 9.7 — Magnetization vs. applied field for a single Weiss domain.

9.3.2 The problem to solve
The Heisenberg Hamiltonian

Let us consider a single Weiss domain of a ferromagnetic material of volume V, at temperature T,
to which we apply a uniform magnetic field By = Byé,. The magnetic moment of the material being
M, the magnetization is M = M/V. The question we ask is to find the expression of M(By,T) as
a function of the applied magnetic field and temperature. For a ferromagnetic system, the essential
part left out of the "paramagnetic" Hamiltonian (9.8) is the interaction between spins, as it is clear
that each magnetic moment's orientation must be influenced by the local magnetic field created by the
neighbouring magnetic moments 1. This interaction is modelled by the Heisenberg Hamiltonian

14. In fact, the origin of the interaction is more complex, as is explained later, and the effect mentioned here is in fact
included in the applied field By.
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HH = _gﬂBEO 0 ZS’; - K P Sj (930)
=1 (i.,3)

where K > 0 is a coupling coefficient 1> and the vectors S, are the spins 6 that have a length 1/2 and
project onto € either as +1/2 or —1/2. In the second term, the sum is over the pairs of neighbouring
sites, noted (i, 7).

The origin of the coupling

It is important to realize that the origin of this interaction is quantum in nature'’. Indeed, if one
were to compute the energy due to classical dipole-dipole interaction, one would obtain

Ho |- o 3 . S
Eing = Imps |Fa 2= 5 (dy - 7) (fiz - 7) (9.31)

for two magnetic moments fi; and ji» separated by 7. In order of magnitude, this gives

pop% 1077 x 10746
47rr3 1030

Fing ~ ~107BJ~107%eV (9.32)
This order of magnitude corresponds to a temperature of about 1K, so it is much too weak to explain a
phase transition occurring at ~ 1000 K. The interaction at stake is in reality an exchange interaction
(Fig. 9.8), due to the combination of the Pauli exclusion principle and the Coulomb interaction (that
is of order ~ 1eV). In short, the wavefunction ¢y = ¢ ® x of, say, a pair of electrons must be
fully antisymmetric, so that if its spin part x is symmetric (parallel spins), its spatial part ¢ must be
antisymmetric, resulting in a null probability that the electrons should be at the same location, and
a very small probability that they could be close in space. The Coulomb interaction energy, which is
positive, is then quite small, much smaller than what it is when the spin wavefunction is antisymmetric
(opposite spins), because the spatial wavefunction must then be symmetric and electrons can be spatially
much closer, resulting in a strong electrostatic repulsion, i.e. a strong positive interaction energy. Thus,
antiparallel spins result in a much larger interaction energy than parallel spins, with an interaction energy
of the order 1eV. This explains the sign of K and the magnitude of the transition temperature.

9.4 The mean field approximation for ferromagnetism

9.4.1 Principle of the approximation

The mean field approximation consists in viewing each magnetic moment as interacting with an
average field resulting from the combination of the applied external field and the microscopic fields
created by all other magnetic moments. The solution will then have to be found through a self-
consistency condition. To that effect, we consider the part H; of the Heisenberg Hamiltonian associated
to the ' spin,

oL . I N . oL
H; = —gupBy-S;— KS;- S; = —gupSi- | Bo + s Z S;| = —gupS;- (Bo + Bm) (9.33)
— B “~
jEV(3) JEv(i)

15. A more general expression would involve coupling coefficients K;; for all pairs of spins, that would decrease as the
distance between the two sites increases.

16. We use the notation S here instead of J used earlier, but the meaning is the same.

17. In fact, quantum physics is essential even to explain paramagnetism and diamagnetism, as a theorem by J.H. van
Leeuwen (1911) shows that a purely classical treatment of magnetism leads to a perfect compensation of the paramagnetic
and diamagnetic effects, resulting in a net zero magnetization.
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FIGURE 9.8 — Exchange interaction

where v() is the ensemble of neighbouring points of 7. In this expression, B,, is the molecular field due
to all 18 other magnetic moments. On each site, the effective magnetic field is B; = By + B, and this
is a priori a different field at each site since it depends on the magnetic moments at the neighbouring
points. The mean field approximation consists in assuming that the effective field is the same for all
sites, equal to the mean field

. . . K -
Bi ~ Beff = <Bz> = Bo + — Z < j> (934)

M= 9 gy - Nons gy (9.35)

The mean field that results is, for a system where each site has p nearest neighbours,
- o K - - pVK - = -
Beg = Bg + — (S;) = Bg+ ——M = By + \M (9.36)
guB Z ! N(gug)?
J€Ev(i)
We assume that both ]§0 and M are along €., with M= ME,. Using the results for the paramagnetic
crystal, we find the magnetization as

Ngup guB pVK
M Y tan {2kBT o+ N(QMB)2M (9.37)

This equation is to be solved self-consistently, and we have no validity condition for this approximation.

18. This is limited to the nearest neighbours, in this case.
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9.4.2 Helmholtz free-energy in the mean field approximation
Mean-field Hamiltonian

In the mean field approximation, the Hamiltonian is then given by that of a system of N independent
spins, to within an additive constant A4, i.e.,

Hrnean = _gﬂBgeﬂ . Z §1 + A (938)

The reason why this constant needs to be introduced is that by replacing the actual field B; = By+Bm
by the effective field B.& we make an approximation and therefore we cannot simply replace one by the
other without allowing for some discrepancy between the two expressions. To determine the constant
A, we write that the mean value of this Hamiltonian should be the same as the mean value of the
Heisenberg Hamiltonian, i.e.,

—g1tp Bett - Z<§i> +A=—gupBo- Z<§i> - K Z<§i - 55) (9.39)

i i=1 (i,5)
Since the mean field approximation essentially neglects correlations between spins, we have
(Si- ;) = (Si) - (8)) = (S)? (9.40)

and therefore, since there are Np/2 pairs of nearest neighbours°,

—

_ L Np -
~NgupBeg - (S) + A= —NgupBy - (S) — KL

5 (5)2 (9.41)

Replacing (§> by its expression as a function of magnetization, derived from ji = gugg,

V_m

S) = 9.42
()= o (042)
and inserting that into the expression of the effective field
. _ WK - - pK
Beg =Bo+ ——5M=DBy+ — 9.43
£ =Byt oM =B+ EE() (943)
we have that
. K -1 - L Np =
~Nopan |Bo + L S)] () + 4 = ~Nopn o () - KL (0.44)
leading straightforwardly to
KNp, 4, KNp [ VM)\?
A=2Pig2 2P 4
S =5 (o (9.45)
and to a mean-field Hamiltonian
_ -~ KNp [ VM\?
Hm an — Beg - SL — 0.46
e gl B Deff zz: + 2 (NQMB> ( )

This constant A depends on the magnetization that we seek, so it is not just an arbitrary constant that
could be done away with. In the mean field approximation, properties of the system are computed as if
M was fixed externally, but it is in fact an internal variable that adjusts itself in order to minimize the
Helmholtz free-energy F'. In that situation, we should recover the self-consistency condition (9.37).

19. There are N sites, each of which has p nearest beighbours. The factor 1/2 corrects for the fact that this computation
leads to counting each pair of sites twice.
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Helmholtz free-energy

In order to determine F, we write the mean-field Hamiltonian as a sum of independent terms

N 2
— — — K VM
Hmean = ;Hz HL = _g,uBS’L' . (BO + A~A/l) + 71) (NQNB> (947)
which means that the canonical partition function is simply Zean = [] 2 = 2V with
14
z= e Per 7P with €+ = :|:2g,uB (Bo+ M) + - (Ngj:l3> (9.48)

combining all this into the expression of the canonical partition function, we have

N
B _ PK VM \?
Znean = {Qexp [ ST (NQ,UB> 1 cosh {2]{ T (Bo + )\M)} } (9.49)

The Helmholtz free-energy is then

Fmean = _kBTln Zmean =

2

KNp ( VM
Ngpp

)2 — NkpTIn {2cosh [Qk = (Bo+ AM)} } (9.50)

Should we seek the magnetization, we would find M such that Fj,cay, is minimum, and that would give
the self-consistency equation (9.37)2°, but what is more interesting is to study Fjean to decide upon
the stability of equilibrium solutions, as we shall see.

9.4.3 Properties in zero field
Spontaneous magnetization
When the applied field is null, (Bg = 0), the magnetization should obey the self-consistency equation

M pK M

where M, is the magnetization at zero temperature (saturation magnetization), reached when
all the spins in the crystal are aligned,

Ngup
M, = 9.55
o = 01 (9.55)
20. We have indeed, searching for this minimum of the Helmholtz free-energy,
inh (B() + )\M)
0Fmean Vo2 s { A
T = KN (r> M — NkgT 2;5T ZZBT =0 (9.51)
guB B B
h Bo+ A
cos |:2]<:BT (Bo + ./Vl):|
implying that
N VK
KNp< ) = 9“3 b tanh { ILE (g, +)\M)} (9.52)
Ngup N(gup)? 2kpT
and therefore, as expected
Ngpp 9B }
M h By + M 9.53
I8 tan | 45 (Bo + AM) (953)
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FIGURE 9.9 — Graphical determination of the magnetization in zero applied field. Two cases are shown,
for T'< T¢ in orange and T' > T¢ in green.

This equation may be solved graphically as shown in Fig. 9.9, introducing the Curie temperature

_ PK

= o (9.56)

Tc

and plotting?! both x + tanhz and x + (T/Tc)x. It appears that M = 0 is a solution in all
cases, but that if T' < T, there are two other possible, non-zero solutions for the magnetization, i.e.,
+M(T). This transition corresponds to a change in the shape of the Helmholtz free-energy??, as
shown in Fig. 9.10, which is computed from the general equation (9.50) in the case By = 0,

2
Fmean - Nk'B {I;C <J\'//l\/l> — Tln |:2COSh (?/{f)} } (958)

Above the Curie temperature, M = 0 is the only, stable solution, while below that threshold it becomes
unstable and the non-zero solutions £ M(T') are stable. Of course, this only gives the magnitude of the
magnetization, its direction is chosen randomly in each Weiss domain. The spontaneous magnetization
as a function of temperature is shown in Fig. 9.11.

21. In these expressions, we set z = (T¢/T)(M/Moo).
22. The expression below is found from the previous one by noticing that
KN 1% 1
2P _oNTC = (9.57)
2 Ngup 2M o
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FIGURE 9.10 — Helmholtz free-energy as a function of magnetization, in zero applied field and mean-
field approximation, in the cases T > T (green), T' = T¢ (blue), and T < T¢ (orange). The grey-
shaded areas are beyond the saturation magnetization and are therefore unphysical.

Properties in the vicinity of the critical temperature

In the vicinity of T, the spontaneous magnetization tends to zero, and it is straightforward to

determine that, in this limit 23
T
//\\440 ~ /3 <1 — TC> (9.63)

23. We use the Taylor expansion of the hyperbolic tangent tanhz ~ x — (23/3) for z < 1, so that

M Tc M I(TCM)3

Moo T Moo 3\ T Moo

() ()

() -+ () =5 7)

It is also easy to determine that when 7' — 0, we have, from tanhz = (1 — e72%)/(1 4+ €e72%) &~ 1 — 2¢72% for 2 >> 1,

that o
'A'/:l:; ~1—2exp (——C) (9.62)

(9.59)

and therefore

so that
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FIGURE 9.11 — Spontaneous magnetization M (T) as a function of temperature. The dashed lines
represent the limits discussed in the text, for T'— 0 and T' — T¢.

The mean energy of the system is given by

J0ln Zmean NKp MO ?
E)=— = 9.64
(E) op 8 (Moo (9.64)
so it is zero above the Curie temperature, and when approaching it from below, it behaves as
3NKp T
E) ~ — 1—— 9.65
()~ 252 (1= ) (9.65)

From this we get the heat capacity C, that is also null above T and positive below, increasing as T’
increases

_O0(E)  NKp dMy
U= = _4M30M0 dT (9.66)
leading to a discontinuity at 7' = T, with
_ 3NKp 3
C(Tg)-C(TF) = 8 T = §NkB (9.67)

This discontinuity makes the ferromagnetic transition a second-order phase transition.
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9.4.4 Properties in non-zero field

In this case, a graphical solution is also possible, as shown in Fig. 9.12, involving the functions?*
T gpeBBo
— tanh > — 9.69
x nhz x Tcx Sen T (9.69)

It may be shown, as an exercise, that if T' > T there is always a single intersection point, corresponding
to the sole minimum of the Helmholtz free-energy. The magnetization increases as By increases, reaching
M for By — 0o. The magnetic susceptibility is found for T' > T¢ in the limit By — 0 as

_ . OM N rgup\? 1
X= i 5h, = V( 2 ) kp(T — Tc) (9.70)

This is the same behaviour as a perfect paramagnetic crystal, replacing T' by T' — T, forming the
Curie-Weiss law. Below the Curie temperature, there may be either one or three intersection points,
depending on the strength of the applied field :
— If By > B{(T), there is only one intersection point. In that case, the Helmholtz free-energy only
has one minimum.
— If By < BY(T), there are three intersection points. In that case, the Helmholtz free-energy has
two minima of different depths, separated by a local maximum.
The magnetic susceptibility just below the Curie temperature yields

... OM N /gup\? 1
X_Bl;IEO@iBQ_QV( 2 ) kp(Tc —1T) (9.71)

that is the same expression as just above the Curie temperature, except for a factor —1/2.

I
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/

FIGURE 9.12 — Graphical determination of the magnetization in zero applied field, in the case T' < T
(left, for three different values of the applied field, increasing from orange, to red, to green), and T > T¢

(right).

24. This comes from writing the magnetization equation as

B VK T B
M ann (BB P M) = tanh | LC (918Bo | M (9.68)
M QkBT 2Ng;LBkBT T 2kBTC Moo

oo
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9.4.5 Critical exponents and comparison to experimental data

We recall that critical exponents appear experimentally when considering properties of the system
in the vicinity of the critical temperature, with

_ —a _ —
My 0 O x (T Tc)_ / 5 o (T Tc)_ / for T > Tc (972)
(Tc — T)’B (TC — T) « (TC — T) 7ToforT < Tc

With 82 0.34 —0.38, a = o’ = 0.1, and 7 = ' ~ 1.3 — 1.4. The mean-field approximation presented
here gives, as we have seen,

B== a=ao =0 fy:fy/:l (9.73)

so these exponents are universal, independent of the number of neighbours p or of the coupling constant
K. However, they are not in perfect agreement with the experimental values, underlining the shortco-
mings of the model. Neglecting fluctuations in the mean-field approximation is particularly problematic,
since these are expected to become especially large in the vicinity of the critical temperature.

9.5 The Ising model of ferromagnetism

9.5.1 Introduction

The difficulty of the Heisenberg Hamiltonian lies in the presence of three components of each spin,
that do not commute with each other. The Ising model does away with this by keeping only the com-
ponents of the spin along the Oz axis, resulting in a Hamiltonian

Hy=—gupBo Y Si— K> SiS, (9.74)
i (i.3)

where S; = S; - &, is by definition the projection of S; on the Oz axis. The commutativity of all
the S; means that the Hamiltonian Hy may take a diagonal form in an adequate basis. The = and y
components are treated in the mean-field approximation, and we try to do better than this in the z

direction of the applied field. In fact, there are exact solutions of the Ising model, in some cases 5.

9.5.2 Solution in the d =1 case

To tackle the Ising model in a one-dimensional setting, we consider that the N spins are placed
along a closed loop, which makes all sites equivalent to each other?®. The Hamiltonian is then

N N
g B
Hy ==Y (gupBoSi+ KSiSip1) =~ [9/30 (Si + Sit1) + KSiSi+1:| (9.75)

i=1 i=1

with the convention that the site N + 1 coincides with the site 1. The system has 2V possible states,
since each spin can take either of two values +1/2. The partition function is then

1/2 1/2 N B
7 = Z - Z exp {B Z |:g,U]; 0 (Sz + Si+1) + KSiSi+1:| } (976)
1/2

S1=—1/2  Sy=-— i=1

25. In the d = 1 case and in the d = 2 case provided the applied field is null.
26. Otherwise, edge effects are expected.
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We introduce the following function

B
T (5:,55) = exp {5 {g’”; S (Si+ ;) + Ksisj} } (9.77)
so that the partition function takes the forms
1/2 1/2
Z= Y ... > T(5,5)T(5,Ss)... T (Sn,5) (9.78)

S1=—1/2  Sny=-1/2

The coefficients 7 (S;,.5;) can be viewed as the elements of a 2 x 2 matrix, called the transfer matrix

1 1 1 1
T(+5.+5) T(+5. -5
B 272 22
T= (9.79)
S N G
272 27 2
From the matrix product relation
ST (5080 T (80.5)) = (T2, (0:80)
Sk '
we have, by a chain rule, a simple expression of the partition function
Z = Z (TN)Sl g, = Trace (']I‘N) (9.81)

S1

The transfer matrix is real and symmetric, it is therefore possible to find an orthonormal basis in which
it is diagonal and takes the form

a0 N [0
T= [0 )\2] so that ™ = {0 AV (9.82)

where A; and Ay are the (real) eigenvalues of the matrix. Assuming that |A2| < |A1], the partition

function becomes N
A
Z=XV+ 2 =AY (14—/\?\])%)\{\[ (9.83)
1
the last equality being in the limit N — oo. It remains to compute these eigenvalues, which is a
straightforward calculation and yields

K g,UBBo . .2 [ gUB BO K
= h +4/sinh” | =—— | + e .84
A1 = exp (4k3T> {COS ( 2kgT > \/ﬁm < 2kgT P kgT (9-84)
K giBBo . .o (gupBo K
= h — h | =——— ) + e .
A2 = exp (4k3 ) {cos ( o ) \/sm ( . exp | —~ (9.85)

From this, we retrieve the Helmholtz free-energy

guBBo .2 (9kBBo K
h h® | =—— ——
Ccos < %pT ) + \/sm ( kg T ) + exp < ol

which becomes much simpler in the absence of an applied field,

+In

F = —NkgT {

4kpT

K
F(By=0,T) =—NkpTIn [2 cosh (4]4:37’)] (9.87)
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The average magnetization of the system is given by

guB al
= > (S (9.88)

i=1
where L is the physical length of the chain. When written out explicitly, we have

1/2 1/2 N N

M = %% Z Z (9#32&) exp {ﬁZ[gﬂBBOSz +KSWSZ+1]} (989)

S1=—1/2  Sy=-1/2 i=1 i=1
and we recognize the derivative of Z with respect to the applied field,

111 07 1 OF
M= 51708, - Lok, (9.90)

which may be computed explicitly from the expression of F' as

: (guBBo)
sinh
_ Ngpp 2kpT

(9.91)

We note that M — 0 in the limit By — 0, whatever the temperature, so that the magnetic sus-
ceptibility stays finite, and the one-dimensional Ising model presents no phase transition, contrary
to the mean-field approximation, which is therefore blatantly wrong in this d = 1 case.

9.5.3 Solution in the d = 2 case and beyond

The absence of a phase transition in the one-dimensional case is surprising, but the phenomenon
exists when considering two-dimensional systems. The computation is however much more complicated :
if the d = 1 Ising Hamiltonian was solved in 1925, it was not until 1944 that L. Onsager published
the first analytical determination of F' in the case d = 2, restricted to the null-field case, and it took
until 1952 for C. N. Yang to give the expression of the spontaneous magnetization M (T') in that case,
which gives, for a square lattice in which each site has four neighbours,

0 for T > T

Mo(T) = 19 9.92
o) = Nou [} _ _ ! for T < To (5.92)
25 sinh® (K/2kgT)

where S is the surface of the crystal. The critical temperature T is given by

K K
Tc = ———— ~ 0.567296 — 9.93
7 2%p asinh(1) kg (9.93)
The critical exponents of this model are
1 7
ﬂ:§ a=d =0 727’21 (9.94)

No analytical solution exists in the d = 2 case for By # 0, nor in the three-dimensional case, but there
are elaborate approximate or numerical methods that yield satisfactory results. Among these are :
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Elaborations on the mean-field approach, where small clusters are treated exactly, bathed in a
mean-field environment;;

Numerical methods for a small number of spins, extrapolated to large N ;

Perturbation methods, where physical quantities are computed as series in a small parameter;
Renormalization methods, where the partition function is computed in successive steps, in the
vicinity fo the critical point.
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10

Heat capacity of solids

In a crystal, atoms are arranged into a regular lattice, but are actually subject to vibrations around
these equilibrium positions. The energy associated to these vibrations, that has both kinetic and potential
parts, is a function of the temperature : the higher the temperature, the larger the vibrational energy.
Consequently, there is a heat capacity associated to these degrees of freedom, with the following
experimental properties :

— At high enough temperatures (T larger than a few hundred K), the heat capacity of solids
becomes independent of temperature and takes a value C' = 3Nkp, where N is the number of
atoms in the solid. This is the Dulong-Petit law, that may easily be explained classically from
the equipartition theorem (see 3.5.2).

— At low temperatures, the heat capacity goes to zero as C' oc T3. The fact that C — 0 is
a quantum property, first elucidated by Einstein in 1907, but the actual scaling with T' was
explained by Debye in 1912.

The Einstein and Debye models of the heat capacity of solids are discussed at length in this chapter.

10.1 The Einstein model

10.1.1 Presentation

In the Einstein model, the displacements of the IV atoms in the lattice with respect to their respective
equilibrium positions are considered to be independent, that is the effective potential u; which a given
atom ¢ feels is a function of its own displacement 7 but not of the positions of the other atoms. In
other words, it is a mean-field approximation, of the kind we saw for ferromagnetism in 9.4. For small
enough displacements, the potential is®

1
u;(r) = —uo + §K7“2 (10.1)
where ug > 0 is the binding energy per atom. Each of these atoms is then viewed as a three-dimensional

harmonic oscillator, with an energy
2
p Lo o
=— - -K 10.2
€ om ug + 5 r ( )

The crystal itself is then a collection of N independent, three-dimensional harmonic oscillators with
identical angular frequencies wg = /K /m.

1. This is obtained through a Taylor expansion about the equilibrium position r = 0.
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10.1.2 Partition function

Working in the canonical framework, and since the atoms are both independent and distinguishable
(if the separation between them is larger than the amplitudes of the displacements), we have Z = 2%,
where z is the partition function for a single atom. It is not possible to factorize the three degrees
of freedom of a single atom, so these have to be treated simultaneously. If we did this classically, we
would find, as per the equipartition theorem, that the mean energy per degree of freedom is kT (one
half of that due to the kinetic energy, one half to the potential energy), and we would recover the
Dulong-Petit law. To explain the actual behaviour at low temperatures, it is mandatory to treat the
problem quantum-mechanically. We recall that in this case, the energy levels of a three-dimensional

harmonic oscillator are given by

€= —up + hwg [(nm—i-;) + (ny+;> + (n—&-;)] (10.3)

where (n;,n,,n.) € N3, The partition functions z and Z are the computed straightforwardly as

3N

Uo 1 Nug 1
Z = exp Z = exp ( ) 10.4
<kBT> 8 sinh?® E kpT 2sinh fws ( )
2/€BT 2kBT

10.1.3 Properties of the system
From this, all properties of the system may be computed, following the general formulas of Chapter 3.

These are conveniently expressed introducing the Einstein temperature defined as

hwp

kp

which depends on the material considered. It decreases for heavier atoms and increases with the stiffness
K, so with the strength of the binding energy. Using this, we have the Helmholtz free-energy as

Ty = (10.5)

3 T
F=N {—uo + §k’BTE +3kpTIn {1 — exp (—;)] } (10.6)

from which we get the entropy through a derivation with respect to temperature,

Tk Tk 1
$—3Nky{—n [1 ~exp <_)] LR S (10.7)
T T exp <€fj> -1

and then the average energy (E) = F + TS, yielding

1 1
(E) = N{ —ug+3kpTp | = + — (10.8)

2exT—Efl
P

where the term 1/2 comes from the zero-point energy in the quantum treatment of harmonic oscillators.
From this we get the heat capacity we are after,

T\ 1
C = 3Nkg (E> S (10.9)
sinh?

2T Tg
2T
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The corresponding curve is shown in Fig. 10.1, along with the limiting behaviours at low and high
temperatures. As expected, we recover the Dulong-Petit law in the limit T > Tr. At low temperatures,
we have an exponential decrease to zero heat capacity from the approximate formula

Tr\? Ty

Although this finding of C' — 0 when T"— 0 is a tremendous success of the quantum theory of solids,
it does not reproduce the correct experimental behaviour C' &« T3. Fundamentally, this exponential
(rather than power-law) decay is due to the existence of a quantum of excitation fiwg and cannot
be overcome unless one finds a way to have a continuous spectrum of energy in the vicinity of the
ground state. This will be solved by lifting the hypothesis of independent vibrations from one atom to
the other, and treating correctly the collective behaviour of the crystal.

C/(3Nkp)

00 T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

T/Tg

FIGURE 10.1 — The heat capacity of the Einstein model for a three-dimensional monoatomic crystal.
Dotted lines mark the expected behaviours at low and high temperatures.

10.2 The Debye model

10.2.1 Presentation

When an atom is displaced, it necessarily "informs" its neighbours of this displacement, through
their mutual interaction. This may be visualized for instance in a one-dimensional chain of identical
masses connected by identical springs : if one mass is displaced it will compress one of its adjacent
springs, repulsing the neighbouring mass, and dilate the other spring, attracting the other neighbour.
Vibrations of the crystal are therefore not independent from one atom to the next but are collective,
and propagate as waves.
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FIGURE 10.2 — One-dimensional monoatomic crystal showing the equilibrium positions of the atoms
(a) and their respective displacements (b).

The one-dimensional crystal

Let us continue with this idea and consider a linear chain of N identical atoms M, (with ¢ =
1,...,N), with masses m and connected through springs of stiffness K. To simplify computations, we
assume that the chain is closed so that we may consider the atom My to be identical to M;. We
note z, the displacement of M, with respect to its equilibrium position which is ¢¢ = gL /N, where L
is the length of the chain and ¢ = L/N is the separation between two atoms at rest. The equation of
motion for M, is easily obtained from the consideration of the elastic forces it is subject to,

d?z K
dth = —wp (204 — Tg-1 — Tg11) “Wo =\ (10.11)

These form a system of N coupled differential equations for the N unknowns z,.

Solutions as progressive waves

Since the system is linear, we seek solutions in terms of longitudinal progressive waves with angular
frequency w and wavenumber k, i.e. , with z, = ae’(kal=wt) Non-trivial solutions of this form are found
provided w and k obey the dispersion relation

kfl
sin (2) ‘ (10.12)

On top of this, the wavenumber k cannot take any value, due to the perdiodic boundary condition
TN+1 = 1, which leads to

w(k) = 2wy

2n
k== (10.13)
where n € Z. Noting also that
w (k —|—p22> = w(k) (10.14)

we find that we may restrict ourselves to the first Brillouin zone —7 /¢ < k < /¢ without losing any
solution, and that in this zone, only the N discrete wavenumbers obeying (10.13) - and their associated
angular frequencies - are relevant. Note that in a rather large vicinity of the zero wavenumber, we have
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a linear dispersion relation w = c|k|, where ¢ = wyl is the speed of sound in the crystal. The dispersion
relation is shown in Fig. 10.3.

w(k)

1.00 A

0.75 4

0.50

0.25 1

0.00

FIGURE 10.3 — The dispersion relation for the one-dimensional monoatomic crystal. The parameters
taken here are K = 1 and m = 1, so that wg = 1 as well.

Normal modes

Through specific linear combinations of the displacements z, it is possible to find N new variables
that obey differential equations for independent harmonic oscillators. These are the normal modes

N
E(t) = 3 ey (1) (10.15)
q=1
By using the quantization of the wavenumber and the periodicity zx4+1 = x1, we find indeed that
9%, 2
52 +w?(k)é, =0 (10.16)

so each of the N normal modes evolves as a simple harmonic oscillator with angular frequency w(k). A
simple example of this is the case of a system of two coupled oscillators, where it is straightforward to
exhibit the symmetric and antisymmetric modes of oscillation.
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10.2.2 Normal modes and dispersion relation in three dimensions

These ideas generalize to the three-dimensional case, by writing the potential energy up to the
second order? in the displacements 7; of the N atoms as

N
., . 1
U(ry,...,Tn) = —Uy + B Z Z Kia jgTiaTip (10.17)

,j=1a,f=z,y,2

This energy is that of 3N coupled harmonic oscillators, where the diagonal terms are the elastic forces
and the non-diagonal ones represent the coupling. In the 3N-dimensional vector space describing the
displacements of the atoms, the matrix whose coefficients are the K;, ;s is both real and symmetric,
therefore there is a base in which it is diagonal, in other words it is always possible to find a set of linear
combinations {p;.} of the {r;,} such that

N
U=-Up+ % SN Kol (10.18)

1=1 a=z,y,z

These {p;n} obey 3N equations for independent harmonic oscillators and are therefore the normal
modes of the problem. To each of these is associated a certain wavevector, which is found to have th
efollowing form from the periodic boundary conditions

—

k= b1 + bz + b3 (10.19)

where (pl,pg,pg) € Z3, Ny, Ny and N3 are large numbers of order N'/3 such that N;NoN5 = N,
and bl, bg, b3 are the base vectors of the reciprocal lattice of the crystal. When restricted to the first
Brillouin zone, there are IV distinct such wavevectors. On top of that, to each allowed wavevector there
are associated three normal modes, that differ by their polarization A = 1,2,3, i.e., the direction in
which the displacement occurs when the wave passes, with respect to k. The dispersion relation has
three distinct branches

w=wy(k) A=1,2,3 (10.20)

For instance, one may have two transverse branches, corresponding to the atoms moving perpendicularly
to the direction of the wave, and one longitudinal wave, corresponding to the atoms moving in the
direction of the wave. These may have different sound speeds, appearing in the dispersion relations

wy = co|k| wy = ci|k| (10.21)

10.2.3 Quantization of the normal modes
General expression of crystal properties

The fact that the system may be viewed as 3V independent harmonic oscillators (the normal modes)
ensures that in the high-temperature limit, the Debye model will recover the Dulong-Petit law. The
behaviour at low temperature, however, will differ from the Einstein model because of the spectrum
of angular frequencies wA(E) involved, rather than the single wg. Quantum-mechanically, the energy of
the system is given by the quantum equivalent of Eq. (10.18), i.e

— U+ Z (nk R > oy (F) = Hn“}> (10.22)

2. The first order is zero by definition of the equilibrium.
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where the state |¢) of the system is specified by the set of occupation numbers3 of each mode (indexed
by their polarization A and their wavevector k). From this we have the canonical partition function

Z = exp (li(i[) 1T i exp lh‘]’g(j@ <n“ + ;)] (10.23)

E,)\ ”E,AZO

The computation is straightforward and yields

Uo 1
7 = oxp ( ) _ (10.24)
kpT H | Twoa (R)
kA 2 sinh m
B

From this we get the various properties of the crystal, and in particular its average energy

- )1 1
(B) = U+ > hwx(F) 5+ = (10.25)
Y hwx () 1
kT
and its heat capacity as the temperature derivative of that average energy
Fex (k)
- 12 exp T
hwy (k B
C=kp). A(K) . (10.26)
o L kBT hon (R
R\ exp Ak |4
kT

The allowed wavevectors form a dense lattice in E—space, allowing for the replacement of the dis-
crete sums by integrals. This is most conveniently done by introducing the density of normal modes
p(w) such that the number of normal modes with angular frequencies in [w,w + dw] is p(w)dw. With
this notation, the average energy becomes

1 o WM wM
(B) = — |Us— 3" hos (F) +/ M:_Eo+/ _fwpw)dw g g
22 0 ex ﬂ —1 0 ex he —1
kA P\ &aT P\ EaT

where Ej, is the dissociation energy of the crystal, i.e., the energy required to dissociate its constituents
at T'= 0. The upper bound wj; comes from the fact that the number of normal modes is finite, with

/WM plw)dw = 3N (10.28)
0

The density of modes may have a rather complicated shape, depending on the geometry of the crystal.
It is usually determined experimentally, and presents two peaks, one near wj; corresponding to the
longitudinal modes, and one near wy; /2 or wys/3 corresponding to the transverse modes.

Phonons

The above description is often interpreted in terms of quasi-particles called phonons. The crystal
is then the siege of an ideal gas of these phonons, whose individual states are characterized by a

3. Note that ng € N
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momentum 7 = hk and a spin A. They have an energy e, () = hwy (k) and each of these states may
be occupied by a number n of such phonons*. Phonons beign indistiguishable, the state of the system
is then described by the set of these occupation numbers and its energy is

Br=—Eo+ Y ng,ex(p) (10.29)
PN

It appears that the average occupation number necessary to recover the expressions below (notably of

the average energy) is
1

(n(e, 1)) = ec/(ksT) _ |

(10.30)

implying that the phonons are bosons with zero chemical potential, and are therefore not conserved.

The Debye approximation

At high temperatures, it is seen from Eq. (10.26) that C — 3Nkp, and we recover the Dulong-Petit
law as expected. At low temperatures however, the modes with the lowest angular frequencies will give
the largest contributions to the sum. The Debye approximation consists in extending to all normal
modes the linear dispersion relations (10.21) that are correct at low w, i.e., wx (k) = ¢x|k|. This simple
relationship yields the density of normal modes for each polarization in the usual way®, and from this
the total density of normal modes

B 47V w? 3Vw?

pA(w) = (@ren)? p(w) = 2p(w) + pr(w) = 2253 (10.31)

where we have defined an "average sound speed" ¢ through

3 2 1
5= 3 + 7 (10.32)

The maximum angular frequency is in this case the Debye angular frequency wp and it is customary
to introduce the Debye temperature Tp, such that®

2 1/3
wp = <6WVN> Tp — h:—; (10.33)

With this approximation, the average energy of the system becomes

3Vh [P w3dw T\?® [To/T 34y
E)= Ey+ 0 [ Y By ONkpT( — 10.34
() =B+ gty | — Ry e () [ 55 o3
kpT

The heat capacity is simply obtained by deriving this expression with respect to the temperature,

T\? (To/T pierdy
C = 9Nky (TD> /0 CEi (10.35)

The corresponding curve is shown in Fig. 10.4, along with the low- and high-temperature behaviours
discussed in the next paragraph.

4. Note that there is a finite numer of individual states, contrary to what we saw for quantum gases.
5. Recall that each allowed wavevector occupies a volume (27)2/V in k-space.
6. The Debye temperature is of order a few hundred K, with extreme cases being boron (1250 K) and neon (63 K).
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FIGURE 10.4 — The heat capacity of the Debye model for a three-dimensional monoatomic crystal.
Dotted lines mark the expected behaviours at low and high temperatures.

High and low temperature limits

At high temperature T > T, the upper bound of the integral tends to zero, so that the integrand
may be approximated by x2, and the heat capacity becomes

7\3 (Tp/T
C ~9Nkp () / 2?dr = 3Nkp (10.36)
Tp 0

as expected to recover the Dulong-Petit law. At low temperatures T' <« Tp, the Debye approximation
becomes nearly exact, yielding

3, T\?
(E) ~ —Ey+ 57 NkgT T (10.37)
and the heat capacity becomes
12, T\’

showing that we recover the correct scaling with temperature, contrary to the case of the too simple
Einstein model. At intermediate temperatures, the Debye model is an approximation, but it gives good
enough results, with the correct behaviour of C(T'). Better results may be obtained numerically by
integrating over the experimentally-determined density of normal modes.

10.2.4 The case of polyatomic crystal lattice

When there is more than one atom per element of the lattice, the results above are slightly altered,
but the methods are similar. Taking as an example the case of a one-dimensional crystal with N elements
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and two atoms M, and Mé per element, as in Fig. 10.5, and assuming that the atoms are identical but
are connected by springs of differents stiffnesses K; and K5, we have

d2z
m—gt = =K1 (0g — ) — K2 (v — 71 (10.39)
d2z!
m dtzq =—-K; (xfz — xq) — K, (ar’q — xq+1) (10.40)
gl gl +d
A A /
My M, M, M, Mg+1 g+1
@ *—O *—O *—O
Ky K, Ky K, Ky K K,
) o, o
LTg—1 Zg— Tg Iy Lg+1 Tgy1

FIGURE 10.5 — One-dimensional diatomic crystal showing the equilibrium positions of the atoms (a)
and their respective displacements (b).

By seeking solutions as progressive waves in the form

zq(t) = ae'Fat=wt) x;(t) = q/et(kal—wt) (10.41)

we find that the existence of non-trivial solutions is only possible if the angular frequency and wave-
number obey the following dispersion relation,

1/2
Ky + Ky & /K2 + K3 + 2K, Ky cos (k0)

m

w =

(10.42)

There are thus two branches, depending on the sign in the above equation. These are shown in Fig. 10.6 :
the bf acoustic branch is very similar to the one found for the one-dimensional monoatomic crystal
(Fig. 10.3), with a linear relation between k and w at low |k|, while the optical branch presents higher,
never vanishing angular frequencies,with approximately constant w in the vicinity of & = 0. In each
branch, periodic boundary conditions impose that the wavevector can only take NV discrete values. With
the two branches, there are thus 2IN normal modes, equalling the number of atoms in the crystal.

In the more general case of a three-dimensional crystal with NV elements and v atoms per element,
there are 3vN degrees or freedom, and thus 3vN normal modes, with 3v branches and N modes per
branch. Among these branches, there are 3 acousitc branches and 3v — 3 optical branches. To compute
the heat capacity associated to the vibrational energy of this crystal, the appropriate method is to use
the Debye approximation for the acoustic branches (since w o k) and the Einstein model for the 3v — 3
optical branches (since w is approximately constant). This yields”

7. We assume the angular frequency of the optical branches to be the same here, for simplicity, and itroduce the
corresponding Einstein temperature Ty = fwopt /kB.
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FIGURE 10.6 — The two branches (optical in orange, acoustic in blue) of the dispersion relation for the
one-dimensional diatomic crystal. The parameters taken here are K1 = 1.2, K5 = 0.8 and m = 1.

T\? [To/T piezdy Tk 2 1
= 3N il T s w-n(E) —— 10.4
o= 3(g) [ EETE - () sni” (12 o
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Part |l

Out-of-equilibrium systems
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11

Elementary laws of transport phenomena

So far, we have only discussed properties of systems at equilibrium. However, we mentioned in
several instances how a system evolved when an internal constraint was relaxed, a topic we will discuss
at length in chapter 13. With this chapter, we begin the discussion of properties of out-of-equilibrium
statistical physics and the general laws that govern transport phenomena in near-equilibrium. The
computation of the transport coefficients that will be introduced here will be one of the topics of
kinetic theory, treated in chapter 15.

11.1 General considerations

11.1.1 The problem

The questions raised by considering out-of-equilibrium statistical physics are the following : Is there
a general principle allowing to describe the irreversible evolution of a system initially out of equilibrium 7
What happens in a system that is maintained out of equilibrium ?

Equilibrium thermodynamics only provides general principles for the final equilibrium state of the
system, and there is no such general principle for out-of-equilibrium system unless one of the two
following conditions is met :

— The evolution is slow, so that the system may be considered to be locally at equilibrium;

— The system is "not far" from equilibrium, in which case a linear approach may be undertaken.
This may be illustrated by Fig. 11.1, where three systems, each in one of the experimental condi-
tions discussed in Chapters 2 to 4, evolve from out-of-equilibrium states, provoked for instance by the
relaxation of an internal constraint, towards equilibrium states. The hypotheses expressed above are
represented by the fact that the out-of-equilibrium states are "close" to the states extremizing the
respective thermodynamical potentials, and that the motion of the representative points towards the
equilibria should be slow.

Failing those conditions, there is no general principle and each system should be treated with its
particularities.

11.1.2 Local equilibrium

Consider an experiment in which a single drop of ink is placed within a volume of water. We may
ask how the density of "ink molecules" n(7,t) evolves in time and space. Since the system consisting
of the ink and water may be considered isolated, the final state of the system will be that maximizing
the entropy, which in this case means that n shall eventually be uniform. How does that come about ?
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FIGURE 11.1 — Evolution of initially out-of-equilibrium systems towards their respective equilibria that
extremize their respective thermodynamical potentials when an internal constraint is relaxed. The dotted
closed lines represent isocontours of the thermodynamical potentials and the red dots represent local
equilibrium states on the way to a global equilibrium.

Within a small volume dv around position 7, there are dN = n(7,t)dv ink molecules, which will
undergo random collisions among themselves but also with water molecules. This will tend to uniformize
the density n within that small volume, over a time-scale 7,4 that is of the order of a few collisional
times * T¢on1. Now, the overall evolution of n within the full volume is characterized by another time-scale
Tev. The hypothesis of local equilibrium holds provided that

Teq K Tev (11.1)

Under that condition, we may consider that at each instant ¢ (measured with a precision &t significantly
larger than 7o but also significantly smaller than 7., ), the molecules within dv are at equilibrium among
themselves. We may then safely define that density n(7, t) of ink molecules, but also the energy density
e(7,t), the entropy density s(7,t) (that is the volumetric entropy of a system with particle density n
and energy density e at this place and time), the local temperature T'(7,t) and the local chemical
potential 1(7,t). The latter two are defined through
1_0s p_ 0s (11.2)
T Oe T on
Any measurement apparatus will average these over timescales §t such that 7.q < 0t < 7oy, resulting
in smooth evolution curves such as shown in Fig. 11.2.

11.1.3 Conservation laws

Within the small volume dv, local equilibrium does not change the number of particles dN or the
energy dF, since (elastic) collisions conserve both of these. However, these same conservation laws

1. That is the typical time between two collisions.
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n(t) Tev

FIGURE 11.2 — Time evolution of the density of particles. The evolution at small time-scales is shown
in blue, and the evolution observed when averaging over a time-scale 67 such that 7oq < 67 < Ty is
shown in black.

mean that the final, global equilibrium where n and e are uniform throughout can only be attained
by a slow transport of particles and energy in the whole volume. To each conserved quantity there
corresponds a certain transport phenomenon :

— Particle diffusion is associated to the conservation of particle number

— Heat diffusion is associated to the conservation of energy

— Viscosity is associated to the conservation of momentum
It should be noted that the timescales for these different phenomena may be quite different in some
instances. If the transport of one quantity is much faster than that of another, the former may be
considered at equilibrium while we treat the transport of the latter.

11.2 Particle diffusion : Fick's law

11.2.1 Position of the problem

Let us consider an isothermal system (7' uniform) and assume that it is also an isobaric system
(P uniform) so that global motions are prevented. We consider the evolution of the density n(7,t) of
a certain type of particles, which incidentally implies that there are at least two types of particles?.
Under local equilibrium, the chemical potential is (7, t) = u[n(7,t), T, P] and the global equilibrium
is attained when that is uniform throughout (see the discussion in 8.1.3), so that n is also uniform.

11.2.2 Particle density current

For a small surface dS = dS@ within the volume, where @ is a unit vector perpendicular to the
surface, we write d?N to stand for the number of particles crossing d.S in the duration dt (counted
positively if in the direction of @, negatively otherwise). For elementary dS and dt, that number is

2. Indeed, for a simple fluid, the equation of state f(7T, P,n) = 0 with uniform T and P implies that n is also
uniform. We therefore must have at least two types of particles, with densities n; and ng, and the equation of state
f(T,P,n1,n2) = 0 with T and P uniform no longer implies the uniformity of the density of particles. We note that
to treat the problem of self-diffusion, it is necessary to tag some particles, e.g. with a radioactive isotope, so we do
effectively have two types of particles here as well.
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proportional to dSdt and it may be written introducing the particle density current Jy as
d?N = Jy - dSdt (11.3)

The scalar product makes sense because the current of particles must be a vector quantity, and if we
imagine a situation in which this current is parallel to the surface dS, there is no net flux of particles
from one side of the surface to the other, so d2N = 0.

FIGURE 11.3 — Particle density current and the conservation of particles

The particle density current may be related to the local density n and the local fluid velocity (averaged
over a mesoscopic volume) ¥ as

Iy =n@ (11.4)

This can be obtained by considering that particles crossing the surface during dt were in the cylin-
der with base d.S and height vdt cos 6, where 6 is the angle between ¥ and the normal to the surface
element. Indeed, with a fluid velocity ¥, the number of particles crossing dS in the duration dt is

A®N =n x vdtcosf x dS = n7- dSdt (11.5)

11.2.3 Conservation of particles

Now consider a fixed volume V), bounded by a surface S through which particles may either enter
or leave the volume. The number of particles within that volume is, by definition,

N(t) = ///v n(7,t)dv (11.6)

so the variation of that number, given that the volume is fixed, is

CL—];[ = ///v g—?dv (11.7)

but since the particles are conserved, that variation is entirely due to particles entering and leaving the
volume through its boundary, so making use of the particle density current we also have

AN L
= . 11.
= //SJN a3 (11.8)
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where the minus sign is because the vectors dS are by convention oriented outwards, as in the figure.
Equating those two expressions and making use of the Green-Ostrogradski divergence theorem, we have

I Zeavs [ 5veas= [[[ (2% ) ar=c )

Since this must hold for any volume V, we conclude that the conservation of particles is expressed, in
differential terms, as the following exact relation

on
— = 11.1
ot +V JN 0 ( 0)

11.2.4 Law of (linear) transport

At equilibrium, the chemical potential is uniform and there is no transport of particles, which is
expressed mathematlcally as Jy = 0. Out of equilibrium, 1 is no longer uniform, so its gradient is
non-zero, V # 0, and the particle current density is also non-zero Jn £ 0. If the system is not too
far from equilibrium, ||V || is small and we may expect that there is a linear response of Jy to V.

Jy = —aVu (11.11)

where o > 0 to comply with the discussion of 8.1.3 that particles flow from regions with high chemi-
cal potential to regions with lower chemical potential. This is a phenomenological approximation, that
needs to be validated through experiments. Given that u is a function of the particle density n, it is
more common to express this relation in terms of the gradient of n, resulting in Fick’s law

Jny =—-DVn D=a (gg) (11.12)

The coefficient D, which depends on n, T, P, and on the composition of the ambient medium, is
called the diffusion coefficient. We note that this discussion assumes that the medium is homoge-
neous, isothermal, and isobaric, that local equilibrium applies, and that fluctuations of n are small
enough for the linear approximation to hold.

The dimension of the diffusion coefficient is m?s~!, but it is more usually expressed in cm?s™?.
Typical values in gases are of the order ~ 0.1 — 1cm?s™!, while it is much smaller in liquids ~
10~°cm?s7 !, and even smaller in solids, with for instance ~ 1071%cm?s~! for helium gas in silica

SiOg, and ~ 10739 cm?s~! for aluminium within copper.

11.2.5 Diffusion equation

The conservation law and Fick's law may now be combined, using the definition of the Laplacian
operator A to obtain an equation for n that constitutes the diffusion equation

on

= =DAn (11.13)

Note that this assumes D to be homogeneous, otherwise we default to the more general relation

on

5 V- (Dﬁn) (11.14)
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This is a partial derivative equation, that requires boundary and initial conditions to be given in order
to be solved, i.e. we need to know n(7,0) for all 7 in the volume, and n(7,t) for all t and all positions
7o belonging to the boundaries of the system.

11.2.6 Application : evolution of a one-dimensional solution
Working with a one-dimensional system, the diffusion equation becomes

on 9’n
—=D— 11.15
ot Ox? ( )
We take a known, not necessarily simple, initial condition and take the system to be infinite in both
directions, so the particle density and its gradient are null at infinity,
on
n(x,0) = ng(x) n(x — £o0,t) =0 3 —(r — £00,t) =0 (11.16)
x
In fact, the gradient should go to zero fast3. We check that these conditions are compatible with the
conservation of the number of particles as

AN [T on oo 32 on]
— = —d =D = |=— =0 11.17
dt _ / {81} o ( )
The average position of the particles is given by
L[t
= N/ an(z,t)dr (11.18)

and it is straightforward to show that this average position is constant in time. Indeed, we have

+oo an +oo 32 D on] +°° on

The fully integrated term is zero because of the fast decrease of the gradient at infinity, and the other

term is also null dx) D
X 400
_— = O
7 = v Ml
We may therefore choose this average position to be the origin of the coordinates system, (x)(t) = 0.
Now the spread of the particle distribution in space will be characterized by the variance

1 [t
= N/ z?n(x, t)ds (11.21)

and it is similarly straightforward to show that this increases linearly with time

(11.20)

d(x?)
dt

=2D (11.22)

Indeed, we have

d(x? 1 [T Foo 82 8n T on
(2% _ 7/ x2 / == —2/ r—dz p (11.23)
dt N J_ o N “ o - oo Oz

3. The condition for N to be finite is that n should go to zero faster than 1/x, which corresponds to the gradient

going to zero faster than 1/z2, but in order for the variance (z2) to be meaningful, the density n itself should go to zero
faster than 1/x3, corresponding to the gradient going to zero faster than 1/x%.
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so that taking into account the fast enough decrease of the gradient at infinity, we have
d(x? D [t D Feo
S; ) = _2N N x%dx = _2N {[xn]f: —/ ndac} =2D (11.24)

So if for instance the initial distribution ng(x) is a Dirac delta function ng(z) = d(x), for which the
standard deviation is zero, the spread of the distribution of particles in space goes as

— 00

04(t) = V{z2)(t) = V2Dt (11.25)

5

fact, in this case the distribution n(z,t) may be computed exactly, and it takes a Gaussian form

N i
n(x,t):\/mexp T (11.26)

The diffusion equation being linear, its solution for any initial distribution ng(x) is found through
a convolution of this initial distribution by that above Gaussian response. In other words, the Gaussian
is Green’s function for the one-dimensional diffusion operator.

To get an idea of orders of magnitude, the time required for diffusion to spread an initially point-like
distribution over a scale Az is

(Az)®
2D
so for instance, in a gas with D ~ 0.1cm?s™! we find t ~ 5s for Az = 1lcm, but t > 10h for
Az = 1m. Diffusion is really slow! Yet if someone opens a bottle of perfume at the other end of the
room, the scent will reach us much faster than this, because other processes are much more efficient
at transporting molecules, in this case convection. Another famous example of the slowness of diffusion
is the experiment set-up in 1872 by Kelvin, in which a copper sulfate solution was made to diffuse in
water within a 5m-glass tube. The solution is not yet homogeneous today*, which is not surprising

since the caracteristic time for Az = 5m and D ~ 1075 cm?s~! is about 340 years...

t= (11.27)

11.3 Electric conductivity : Ohm’s law

11.3.1 Response to an electric field

Consider a system of electrons, subject to an external electric field E=—VV. As we saw earlier in
8.2.2, and in particular equation (8.24), the chemical potential in this situation is
(7 = 1o [T,n(P)] — eV (7) (11.28)

If the system is at equilibrium, x is uniform, but if the electric current is allowed to flow (in a circuit
for instance), then p is no longer uniform even though n may be. A current of electrons sets in. The
particle density current is then

Iy = —aVp = aeVV = —aef (11.29)
From this, we define the electric current density j = —ned = —eJy, leading to Ohm’s law
j=0d€ o =é%a (11.30)

where ¢ is the electric conductivity.

4. https://cen.acs.org/articles/91/i33/01ld-Experiment-Even-0lder-Curiosities.html
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11.3.2 Einstein's relation for semi-conductors

The « parameter appears in both definitions of the diffusion coefficient D and of the electric
conductivity. This suggests that the two are related, which can be shown as

on

e2

on

o ea e?

D_“(?ZL_ 1 <‘9“> _ ! (6”0) (11.31)

However, in general this relationship is rather written in terms of the mobility v of the electrons, that

is defined from ¥ = 75. Since j = —nev = —ne'yé_", we have 0 = —ney and so
D
Z__nr (8“0> (11.32)
5y e\ on ),

For a semiconductor, we recall that equation (8.34) states that ug = —kpT In[a(T)] + kT Inn and
so we end up with Einstein’s relation linking the diffusion coefficient for the electrons and their mobility

T
__ks (11.33)

D
vy e

11.3.3 External field and particle density imbalance

We saw previously that in the absence of an external electric field £ = 0 but in the presence of
particle density imbalance Vn # 0, a particle density current appeared with

Jy =—=DVn (11.34)

Conversely, we just saw that in the presence of an external electric field 677& 0 but in the absence of
particle density imbalance Vn = 0, an electric current j appeared, that could be associated to a particle
density current with

Iy =—-j=-2¢ (11.35)

When both sources of imbalance are present, and provided we remain in the small deviations case where
the linear regime is applicable, we must conclude that a particle density current appears, with

Jy = —DVn — %5 (11.36)

until, at equilibrium, this current density vanishes, leading to sustained, non-zero electric field and
particle density gradient with

Vn=-——E=—VV=-2VV (11.37)

This may be integrated to show that the particle density in a semi-conductor adapts to the electric
potential V' in order to obey the Boltzmann statistics

E
n = ngexp <k;‘;> = ng exp (k‘BT> (11.38)

where E = qV = —eV is the energy of the charge ¢ = —e in the potential V.
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11.4 Thermal conductivity : Fourier’'s law

11.4.1 Different types of energy transfer

In a system where the temperature T is not uniform, an energy transfer is required to recover
equilibrium. This transfer may be through radiation, through convection, a natural or forced transfer
via macroscopic motions of the medium that is difficult to eliminate, or through conduction, an energy
transfer that does not involve a transfer of matter.

11.4.2 Heat conduction

As we did previously, we assume that local equilibrium holds so we may speak of the local temperature
T(7,t). Given a small surface dS = dSi, we consider the heat §2Q crossing this surface between ¢ and
t + dt, counted positively if the heat transfer is in the direction of 4. This heat is proportional to dS
and dt, leading to the definition of the heat flux fQ through

5%Q = Jg - dSdt (11.39)

We note that this quantity has the dimensions of a power per unit surface. As with the particle density
current, in the case of equilibrium, i.e. for VT = 0, we expect this heat flux fQ to be zero, and to be
different from zero if the system is out of equilibrium VT # 0. Therefore, in a linear regime of small
deviations, the two vectors should be related by the phenomenological Fourier's law

Jo = —KVT (11.40)

where K is the thermal conductivity, whose dimensions are Wm~!K~!. For solids, typical orders of
magnitude are K ~ 0.1 — 10 Wm~'K~! in non-metallic solids, K ~ 100 Wm~' K~! in metals. For
liquids, we have K ~ 0.5 Wm ™! K~ in water, but K ~ 80 Wm™' K~ in liquid sodium. For gases,
we have typically K ~ 1072 — 107! Wm ' K~!.

11.4.3 Energy conservation

To obtain an equation describing the evolution of the temperature field T'(7, ¢), we require a supple-
mentary equation relating fQ and T, expressing the conservation of energy. Assume that the evolution
occurs at constant pressure, and consider a small element of mass dm = pdV that is fixed so we can
ignore its bulk kinetic energy. In the time interval d¢, the energy of this element varies according to the
first principle of thermodynamics

d(U) = 6W +6Q = —Pd (6V) + 6Q (11.41)

which can be rewritten by introducing the enthalpy 6 H of the system

d(6U + PSV) =d(6H) = 6Q (11.42)
By dividing by the time interval dt, the heat flux appears
doH 6Q -
==V etV (11.43)

where the last equality arises from applying the Green-Ostrogradski theorem to the rate of heat exchange
across the boundaries of an elementary volume, much like what was done for the conservation of the
total number of particles earlier. Indeed, we have

%:—//f@dg:—// V. Todo = = - JysV (11.44)
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Now the left-hand side of the above equation may be written using the heat capacity at constant
pressure per unit mass ¢, since

d6H 06H 0T oT
— = ——— = pc, 0V — 11.4
a ~or o "V (11.45)
leading to the following second relation between the heat flux and the temperature
T - -
pcp%+V-JQ =0 (11.46)

Note that energy is always conserved, but that temperature may vary even in an isolated system, for
instance because of chemical reactions or radioactive decay. In that case, the enthalpy per unit volume
h(T, z) will be a function not only of the temperature but also of the advancement parameter x of the
reaction, and the left-hand side of (11.43) above will now be

id(SH_ % a£+ al dj_ 08£+ @ dﬁ (1147)
oV dt \oT ), ot \ox ), dt "ot T \ox ), a '
11.4.4 Heat equation
Combining these two equations relating the temperature and the heat flux, and assuming that the
thermal conductivity is uniform, we obtain the heat equation

oT K
— — D+ AT Dy = — 11.48
ot th = ( )

where Dy, is the thermal diffusivity, which has the same dimensions as the particle diffusion co-
efficient D, i.e., m?s~1. If K is not uniform, the heat equation defaults to the more general form

pcp% -V (KﬁT) (11.49)

An example of an application of the heat equation is a thermal shock, where a medium initially at thermal
equilibrium with T'(x,t) = T for t < 0 is perturbed at t > 0 by imposing that T7'(0,t) = T # Tp.
Dimensional analysis suggests to look for similarity solutions in the form

T(z,t) = f (\/%) (11.50)

Other examples include the daily and annual variations of the temperature of the ground as a function
of depth, or the problem of thermal contact between two systems at temperatures 7} and T5.

11.4.5 Wiedemann-Franz law

In a metal, heat and charge transport are both due to free electrons, so there must be a relationship
between the thermal conductivity K and the electric conductivity o. Indeed, such a relationship exists,
and is called the Wiedemann-Franz law

K 2 (kg\’
U:Z(f) i (11.51)
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12

General principles of near-equilibrium thermodynamics

In this chapter, we outline Onsager’s theory for near-equilibrium thermodynamics. This approach,
dating from the 1930s, is justified if the transport phenomena involved are slow enough that local
equilibrium holds, and if the deviations from equilibrium are small, so that a linear treatment is possible.
This is a general, well-structured formulation leading to new and non-trivial physics as we shall see.

12.1 Irreversible evolution of a continuous system

12.1.1 Entropy density variations

Consider a system at local equilibrium, with particle density n(7,t), energy density e(7,t), and
entropy density s(7,t). The local temperature T'(7,t) and chemical potential (7, ) are defined from

1 Os I ds
T~ % T~ on (12.1)

This should be viewed as stemming from the fact that the dependence on space and time of s is actually
through n and e, i.e., since from S = S(E, N, V) we have s = s[e(7,t),n(7,t)]. More generally, the
entropy will be a function of a number of extensive variables X; (not counting the volume), so that

S=S{X;},V) (12.2)
from which we get the dependency of the entropy density
s =s[{x;(F, ) }] (12.3)

where z; is the volumetric density of X, (i.e., the amount of X; per unit volume). The variations of
the entropy are given by

P
ds = Z YidX; + dV (12.4)
where we introduce the conjugate intensive variable Y; of X; in S, defined by

o8
= (%) e

Examples of conjugate intensive variables are Y, = 1/T and Y,, = —u/T. Working with a given fixed
volume, and moving to volumetric quantities, this translates to a variation of the entropy density as

ds = Z Y;dx; (12.6)
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12.1.2 Currents and conservation laws

For any extensive variable X;, we may define a current density J; associated to it, by considering a
small surface d¥ = dX@ and writing that the amount of X; crossing this surface between ¢ and ¢ + dt,
counted algebraically, is proportional to d¥ and dt, with

2X; = J; - dSdt (12.7)

Locally, energy and particle number are conserved. If the same is true with the variable X;, we may
derive local equations expressing these various conservation laws

on o= - de = ox;
—+V-J,=0 E—FV ot

+V-J;=0 (12.8)

12.1.3 Entropy current and production

Since the elementary variation of entropy density is related to those of the densities x; by

1
ds =) Yide, = —de - %dn T (12.9)

we may analogously define an entropy density current through

A (12.10)

such that the scalar product J, - dS represents the (algebraic) amount of entropy crossing the sur-
face dX per unit time. Note that this vector is closely related to the heat flux, defined in Chapter 11,

L1 S
Jo= 7o (12.11)

Considering a volume V bounded by a fixed surface 9V, the variation of the entropy within this volume
between ¢ and ¢ + dt is given by the second principle of thermodynamics for an irreversible process

Q

ds > 12.12

= (1212)

where 6@ is the heat gained by the system in the process, and T its temperature. The two sides of this

inequality can be expressed in terms of the entropy density and entropy density current, respectively 2

5Q

dS =dt —dV

| /7JQ dXdt = /ﬁjstdt (12.13)
%

Since dt > 0, this translates into a local equation for the entropy density

G = =
a—j+V~J3:$>O (12.14)

where § thus defined is the local rate of entropy density production through irreversibility of the
process under study.

1. We already saw the first of these, Eq. (11.10). Note that J. is not equal to the heat flux fQ, as we shall see later.
2. We recall that the minus sign stems from the outwards orientation of the surface vectors dX..
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12.1.4 Thermodynamic forces

This rate of entropy density production may be expressed as a function of the currents .J; and of
quantities known as thermodynamic forces. To see this, we start with

0s ox; - -
5= % YZ-E Js = % Y;J; (12.15)
combining these in the equation giving $ above, we have

=Y [n%?Jrﬁ (Yf)] (12.16)

Now the divergence terms may be expanded using the relation V- (f/f) = f@ A+ A ﬁf yielding

, dri = 7\, 7« - =
S:Z{Y;<at+V-Ji>+Ji-VYZ}:ZJZ-~VYi (12.17)

using the conservation equations in the last step. Introducing the thermodynamic forces F = VY,
we have the local entropy density production rate as

=0 R (12.18)

For instance, in the simple case where only particle number density and energy density determine
the entropy density we have

.2 =1 2 (M
=TV (T) TV (f) (12.19)
and thus we have the associated thermodynamic forces
— - 1 =g = ,u
Fo=v <T> Fu=-v(L) (12.20)

12.1.5 Linear regime and transport coefficients

If all thermodynamic forces are null, }_"; = 6 the system is at equilibrium. For instance, in the
simple case s(e,n) above, that would mean that 7" and p are uniform. Consequently, all currents J;
are also null. Conversely, if any of those thermodynamic forces is non-zero, the system is out of equili-
brium, and currents .J; set in to recover an equilibrium situation. If those thermodynamic forces are small
enough, a linear regime may be expected to hold between them and the currents, i.e. we postulate that

Ji=> LiyF; (12.21)
J

where L = [L;;] is a matrix whose elements are the phenomenological Onsager coefficients L;;. It is
clear that Fick's, Ohm'’s, and Fourier’s laws are particular cases of such a situation. To determine these
coefficients, microscopic models from kinetic theory (Chapter 15) and experiments are necessary. The
Onsager framework cannot determine them explicitly, but it can provide constraints on their values.
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12.1.6 Properties of [L;;]

The positivity of § implies several properties of the [L;;] matrix. Indeed, we have, irrespective of the
specific values of the thermodynamic forces

§=Y LiyFi-F;>0 (12.22)
ij

so L;j is a representation of a positive definite quadratic form, and we can use particular cases to

obtain properties of the coefficients. For instance, if all but one thermodynamic force F; is null, we get
L;; > 0, and therefore the matrix diagonal is strictly positive

Also, if only two of those thermodynamic forces are non-zero, and we assume that they are parallel to
€z, we have, writing X = |F;|/|F;|,

LiX?+ (Lij+ L)X + Lj; >0 (12.24)
which shows that the discriminant of this second-order polynomial should be negative
(Lij + Lji)? = 4LiiL;; < 0 (12.25)

Finally, it may be shown that in the absence of a magnetic field 3, the matrix is symmetric L;; = Lj;.
We therefore have the Onsager relations relating the various phenomenological coefficients

Li; >0 Lij = Lj; I ey S0 D =T (12.26)

12.2 Application to properties of electrical conductors
Consider an electrical conductor subject to gradients of temperature VT and of potential VvV, in

which electrons are free to circulate. In stationary state, these gradients are constant in time, as is the
density n of electrons. We assume that there is no magnetic field, and that the conductor is isotropic.

12.2.1 Currents and thermodynamic forces

As already seen in Chapter 8, the local chemical potential of electrons is

() = po [T(7), n)] — eV(7) (12.27)

and as we saw above the inhomogeneity of 1 or T' leads to non-zero particle density and energy currents
J, and J.. As written earlier, the rate of entropy density creation is then

- =/1 > =
T v (L) T (7) 12.28
3 v (T) \Y T ( )
However, in practice we measure not fe but the heat flux

Q=TJs=Je—pJn (12.29)

3. When a magnetic field is present, L;; (B) = L]-i(—g)
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where this expression comes from subtracting the energy carried by particles from the energy current J..
From the above relations, we can obtain the expression of s for the alternate set of currents (J,, Jg)

e N =/ | 1~ -
5= (Jo+mh) ¥ (T) — T,V (f) = oV <T> — 2TV (12.30)
So the thermodynamic forces associated to these currents are

- 1
Fn=—%
T

- S!
Vi Fo=V <T> (12.31)

and the linear regime relations between these and the currents are written as

-

Ly = /1 .
Jo= UG LV J
T Vi + LoV <T> Q

Lo = - (1
e L — 12.32
T Vi + LoV (T) (12.32)

12.2.2 Thermoelectric effects
Isothermal electric conductivity

We consider a case where there is no gradient of temperature or density but there is a non-zero
electric potential gradient, in which case the above relations simplify to

. Ly = - Loy

J, = —%w 0= ——"2Vu (12.33)
With a uniform temperature and density, the gradient of u reduces to ﬁ,u = —eVV = e€, where vecE
is the electric field, and the electric current density is j = —eJ,, so we recover Ohm’s law with an
expression of the electric conductivity o

L11€2
o= —

7 _f
J=0 T

(12.34)

Thermal conductivity

Now consider a situation in which energy is transported without matter transport. We then have
Jn =0 but VT # 0. The relations above now yield

o L1 = - (1 - Loy = - (1
SRS VT A v S 28 VT 8 v 12.
0 T w+ Lo <T> Jo T w4+ Loo (T) (12.35)

The first of these allows to relate the chemical potential gradient to that of temperature

vT (12.36)

which may be reinjected into the second equation to obtain Fourier’s law and an expression of the
thermal conductivity K as a function of the phenomenological coefficients L;;. Indeed,

> Loy Lis \ = Lo =
Jo=——= — T —- —=—=VT 12.37
Q=TT ( TL11> VI—mV (12:37)

4. F, is not the same as previously written in Eq. (12.20), because we changed the sets of currents from (fe, fn) to
(Jg, Jn).
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which is easily rearranged into

_ Lyl — Lialy
T2Ly;

Jo = —KVT K (12.38)

with the Onsager relations ensuring then that K > 0, as it should.

Seebeck effect (1826)

The relation (12.36) above shows that in an open circuit (so that there is no circulation of electrons),
a thermal gradient leads to the emergence of a chemical potential gradient. This is the Seebeck effect.
We rewrite this relation as

1 -
“Vu=e(T)VT (12.39)

introducing the Seebeck coefficient, also called thermopower, which depends on the material,

L12
€TL11

e(T) = — (12.40)

Typical values of thermopowers for various metals or alloys are of the order of ~ 10V - K~ 1.

&T Metal A
O

Voltmeter

Metal B

(]yd?7 Hg

FIGURE 12.1 — Principle of a thermocouple

The fact that a temperature variation implies a change in chemical potential and that this change
may be different for different materials is the basis of the temperature-measuring devices known as
thermocouples, as shown in Fig. 12.1. Take two wires made of different metals, A and B, and put
them in contact as indicated in the figure. At the other end, insert a voltmeter. The two junctions are
at different temperatures 77 and T5, thereby imposing a temperature gradient (that is the same in both
metals), thus also a chemical potential gradient (that is different in both metals). The voltmeter lets
no electric current through, as it has a very large electric resistance, but it offers no thermal resistance,
so both ends of it are at T,. Along each metal wire we have dy = ecx (T)dT with X = A or X = B,
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and so the chemical potential difference between the two ends of the voltmeter is

T Ty T

M — fbg = / eeA(T)dT +/ eep(T)dT = / elea(T) —ep(T)])dT (12.41)
T T Ty

Now, we recall that u = po (T, n, P) — eV, so we may write this in terms of electric potential difference.

It should be noted that the density of charges may be (and indeed is) different at both ends of the

voltmeter (ng # ng), but in fact, a voltmeter is actually measuring the difference of chemical potential

expressed in terms of an electric potential, i.e.,

A _
szvdfvng?“:% (12.42)
so that we have
T>
AV = (eg —ea)dT (12.43)
T

If we know T5, then this relation gives T7 through the measurement of the electric potential difference
AV®,
We note that if we know the electric conductivity, the thermal conductivity and the thermopower
o Lyie? LooL11 — L1aLoy Lo

K = =— 12.44
T T2L11 c 6TL11 ( )

all elements of the L matrix are known.

Interpretation of the thermopower

A physical interpretation of the thermopower arises from eliminating the gradient of u between T
and Jg, using Eq. (12.32). Indeed, we have

I le Lo (1 Jo le  Las (1
— =—-=V —V (= — =—-=-V —=V = 12.45
Ln T "I (T) Ln T "I <T> (12.45)
which we can subtract from one another, yielding
jQ I L22~<1> L12ﬂ<1>
— —— ===V |=|-—V|= 12.46
Loy Lin Loy T Ly T ( )
so that I I .
> 21 7 21l12\ &
=—J,+ (L — ) \Y% <> 12.47
°7 Ln - L1y T ( )
In the first term, we recognize, using the symmetry property Loy = Lo, that
L
2L T (12.48)
Ly
and in the second, we recognize the thermal conductivity, so that eventually
Jo = —KVT — ecTJ, (12.49)

Thus, the heat flux consists of two terms, the first one associated to heat transport by diffusion, and
the second one to heat transport by convection. The expression of the entropy density current

=

K- R
Jo= VT —eel, (12.50)

shows that —ee is the entropy transported by each electron.

5. In practice, T> is measured by another device, or we have two thermocouples, one of them plunging into a bath of
known temperature.
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Peltier effect (1834)

The Peltier effect is the emergence of a heat flux induced by an electric current, under uniform
temperature conditions. From V7' = 0 we indeed have, from equation (12.49), that

Jo = —ecTJ, =eTj =11j (12.51)

where IT = £T is the Peltier coefficient. This effect may be observed at the junction of two conductors
A and B maintained at a uniform T through contact with a thermostat, as shown in Fig. 12.2.

q
—l — —_— —
5 JQ,a7, y  Jos )y 7
Metal A Metal B
u

FIGURE 12.2 — Peltier effect

In a stationary regime, the electric current is uniform, and is therefore the same in both regions. At the
junction, the heat fluxes associated to the Peltier effect are different on each side

Jo,a =Taj Jo.5 =1p] (12.52)

By considering a system consisting of the metal junction, delimited by a cylindrical imaginary surface,
we can write the amount of heat gained by the system, through exchanges along the wire and with
the thermostat through the lateral surfaces. We write ¢ for the heat gained by the wire from the
environment, through these lateral surfaces, per unit time. We notice that the heat gained per unit
time on the left side is IT 47X, where X is the section of the wire, and the heat gained per unit time on
the right side is —IIgjX. In a stationary regime, the total heat gained must be null, so

¢+ (Ils —1p) jE=0 (12.53)
The heat output, gained by the environment at the junction, is then
Q=—q= (4 —1Ip)j% (12.54)

Depending on the thermopowers of A and B, this may be an actual heating of the environment Q > 0,
or it may be cooling Q@ < 0. This is actually what is put to use for localized cooling using so-called
Peltier modules on CPUs and GPUs. As we shall see below, since it must compete with Joule heating
that goes as j2, some optimal electric current j is required for best cooling.

Joule effect

Let us consider a homogenenous conducting wire at uniform temperature through which an electric
current passes, in a stationary regime. The heat flux in this case is, as we saw, JQ = —ecTJ, so the
energy density current is

=

Jo = Jo + pdn = (u— eeT) J, (12.55)
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where the chemical potential is given by u = pg — eV. The divergence of the energy density current,
appearing in the energy conservation equation, is then

Vod,=(u—eT)V - Jp+Jy ¥V (u—eeT) (12.56)

The first term vanishes due to the conservation of particles and the stationary hypothesis, because
V - J, = 0. With the uniform temperature assumption and the homogeneity of the wire, the second
term also simplifies and we have

Vedy=Jp - Vpu=—ed, VV=-j. (12.57)

Considering a small volume of the wire, it exchanges energy with the rest of the wire and with the
thermostat. The local energy conservation then reads
de

AR N AN 12.
T V-Je+¢=0 (12.58)

where the first term in the middle expression is the energy gained by the wire volume through the
sections on the left and right, and the second term is the heat gained from the thermostat maintaining
the temperature constant, through the lateral surfaces of the wire. The nullity of the sum of these two
terms is because of the stationarity hypothesis. We therefore have

- = 32
q:_j.g:_ggQZ_; (12.59)
Q@
Q >0 Heating
jopt
J
Q < O Cooling

FIGURE 12.3 — Competition between the Joule and Peltier effects, showing the optimal electric current.

This quantity ¢ < 0 is the heat gained by the wire volume element from the environment, so the heat
is actually gained by this environment, i.e. the thermostat, since it is —¢ > 0. This is the Joule effect.
At a junction, this effect occurs simultaneously with the Peltier effect, so the heat output, gained by
the environment, is

Q= 7 + (4 —1p) j% (12.60)

(o)

If 14 < Iz we have actual cooling of the environment at low current @ < 0, but it becomes net
heating at larger currents, Q > 0, as shown in Fig. 12.3. Note also that in the presence of a temperature
gradient, a supplementary, weak Thomson effect occurs.
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13

Evolution towards equilibrium in classical thermodynamics

As we pointed out in the beginning, thermodynamics of systems at equilibrium describes macroscopic
systems through a small number of macroscopic variables, and the trade-off for this is that it is necessary
to introduce the entropy, a quantity that has no microscopic equivalent but describes our ignorance
of the microscopic details of the system. In this chapter, we discuss the thermodynamic functions and
potentials, the conditions for equilibrium and the evolution of a system in a fixed environment. Some
of the results of this chapter have already been established before, but they are shown here in a new
light.

13.1 Thermodynamic functions

13.1.1 The fundamental postulate and entropy

From primary state variables describing an isolated system (energy E, volume V', number of particles
N, and any other variable ), we postulate the existence of a function S(E,V, N, x), the entropy, such
that its knowledge suffices to know all the (macroscopic) properties of the system at equilibrium. The
properties of this function are :
— It must be continuous and derivable
— lts derivative with respect to energy is positive 9S/0E > 0
— When a constraint is relaxed in an isolated system, the entropy can only increase (S; > S;)
— For weakly coupled sub-systems, it is additive (S = S; + S2). This supposes that no long-range
interaction exists, however. For electromagnetic forces, screening in globally neutral systems
effectively prevents this from happening, but it is not the case in gravitational systems.
The derivation of S with respect to its different variables defines the temperature T', pressure P, che-
mical potential i, and the thermodynamic conjugate X of x through

o5 _1 95 _P 95 _ p 05 _X (13.1)
OE T ov T ON T oxr T '
The differential of S therefore reads, as is now well known,
1 P I X
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The thermodynamic conjugates T', P, u, and X are functions of the same variables as S, that is F,
V, N, and z, and the Maxwell relations expressing the identity of cross double derivatives hold, e.g.,

O (L\_ &5 _ &S 0 (P (13.3)
ov \T) = oVoE ~ 8EOV ~ 9E\T |

13.1.2 Internal energy

Let us assume that the system is globally at rest, so that its energy E' is just the internal energy
U. Since 0S/OE = 0S/0U > 0, the relation between the entropy S and the (internal) energy U is
one-on-one. The relation S(U, V, N, x) may then be (at least formally) inverted into U(S,V, N, z) and
the differential of the energy reads

AU = TdS — PAV + pdN — Xdz (13.4)

where T', P, u, and X may be viewed as functions of the "new" variables S, V, N, and x. In this
expression, the quantity 7'dS is the heat exchange and the sum —PdV — Xdx is the reversible work
exchange. From the above relation we may also write Maxwell relations such as

oT oP
= =— (= 13.
(7).~ (55),.0. 19

Both expressions of dU and dS are valid in any case, and the two representations are equivalent.
What differs is that .S is the "right" thermodynamic function to use when the variables to consider are
(U,V,N,x), while U is the "right" thermodynamic function to use when the variables to consider are
(S,V,N,z).

13.1.3 Legendre transformations

Now what is the "right" thermodynamic function to use when the variables to consider are different
from these two examples, say for instance (T, V,N,z)? It must be one whose differential is easily
expressed in terms of the increments of these variables. Such is the Helmholtz free-energy that we
already encountered, and that is defined through a Legendre transformation from the internal energy

F=U-TS (13.6)
Its differential is then clearly expressed in terms of the increments of (T, V, N, )
dF =dU — TdS — SdT = —SdT — PdV + pdN — Xdz (13.7)

where S, P, u, and X are now functions of (T, V, N, x) and various Maxwell relations can be derived
between them. It is left to the reader to derive some of those.

It should be noted that F'(T,V, N, z) holds all the information needed to describe the system.
Indeed, from it we get the entropy S(T,V, N, z) via

aﬂumm(%v (13.8)
V,N,z

and the internal energy from the inverse Legendre transformation
U(T,V,N,z) = F(T,V,N,z) + TS(T,V,N, z) (13.9)
Finally, from S(T,V, N,z) and U(T, V, N, x) we may eliminate T and get, at least formally, S(U, V, N, z).

The fundamental postulate then ensures the result. More generally, any Legendre transformation such
as the one above will exchange a variable with its conjugate, yielding a new function that also holds
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all the information. We thus define the enthalpy H (S, P, N, x), the Gibbs free-energy G(T, P, N, z),
and the grand-canonical potential J(T,V, i, z) through the following relations

H=U+PV G=U-TS+PV J=U-TS—uN (13.10)

13.1.4 Example of the simple fluid

A simple fluid is described by three state variables?!, and if we fix the number of particles N, its
state is now described by only two independent variables (one mechanical, and one thermodynamical).
Depending on the choice of these variables, the "right" function to use is different.

Functions | Variables Conjugates Maxwell relations
¢ | en 55 -5 | Gr),=(5),

13.1.5 Example use of Maxwell relations

As an example of the use of Maxwell relations, we consider the computation of the force between
the two plates of a capacitor. We write ffor the force exerted by an operator to maintain the system at
equilibrium (i.e. to compensate the attraction between the two oppositely-charged plates). The system
under consideration is the capacitor, and the variation of its internal energy is

dU = TdS + ®dg + fdzx (13.11)

where ® is the electrostatic potential between the plates, ¢ the electric charge on one of the plates,
and x the spacing between the two plates. The last two terms on the right-hand side above represent
the reversible work of external forces.

Let us first choose (T, z, ¢) as variables. The proper thermodynamic function to use is the Helmholtz
free-energy F' = U — T'S such that dF = —SdT + ®dq + fdz. Maxwell relations derived from this

eXpleSSiO include, in paltICu|a '
l)dl s (9.23 4

Now the electrostatic potential is, assuming no edge-effects (i.e., that the plates are effectively inifinite),

(13.12)

q rq

b==—=—— 13.1
C e (T)2 (13.13)
with ¥ > 22 the surface of each plate. We then have the derivative of the force
of q
— = 13.14
(aq)m e () (1314

1. This means there is no x variable as used in the previous paragraphs.
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FIGURE 13.1 — A capacitor

and from there the force itself, as a funtion of the requested variables

q2

f(Ta €z, q) = 2606T<T)Z

(13.15)
The "constant" that should appear is in fact null because the force must vanish when the charge goes
to zero. We leave it to the reader to show that, had we chosen another set of variables, e.g. (T, z, ®),
we would have found the equivalent result

coe, (T)XP?

F(T,2,@) = 2

(13.16)

13.1.6 Equation of state and Maxwell relations

The equation of state relates the various macroscopic state variables at equilibrium. For a simple
fluid, this takes the form f(P,V,T, N) = 0. From this equation, and using Maxwell relations, it is
possible to access some of the derivatives of the entropy. For instance, using F' we have

P
25 = op (13.17)
oV )r N o' )y n
and the right-hand side may be determined directly from the equation of state. Similarly, from G we
have
95y __ (9 (13.18)
OP ) N or' ) pn
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whose right-hand side may also be determined directly from the equation of state. More generally, the
dependence of S on variables other than T" may be thus determined, but the way S depends on T'
cannot be computed this way. These must be determined from statistical physics, as we did earlier.
Similar considerations apply to the determination of the properties of the heat capacities

oU 08 OH 08
o-(r),-7(),  o-(r),-7(i), oo
The dependence of these on the mechanical variables are determined from the equation of state
oC, o%pP oC, 02V
(), =7(52), (&)= (), .

but the partial derivatives of C,, and C,, with respect to temperature cannot be determined from the
equation of state.

13.1.7 Extensivity and intensivity

By definition V' and N are extensive variables. If weak coupling conditions apply, so are the energy
U and the entropy S. On the other hand, T', P, and 1 are intensive. For a simple fluid, the extensivity of
U and S may be written mathematically as U(AS, \V,AN) = AU(S, V, N) for any A. This is stated as
U being a first-degree homogeneous function of its variables. By deriving this relation with respect
to A and expressing the result for A = 1, we obtain the Euler relation

oU oU oU
S (as)m v (av)w N (afv)s,v =v (13:21)

This yields the following simple expression for the internal energy, and from there, for the various ther-
modynamic functions using their definitions as Legendre transforms

U=TS— PV +uN (13.22)
H=TS+uN F=-PV+uN J=-PV G=uN (13.23)

From this we may derive the Gibbs-Duhem relation for a pure compound (i.e., not a mixture),
which we leave for the reader to derive (starting from the differential of the Gibbs free-energy),

—SdT + VAP = Ndpu (13.24)

The chemical potential u is therefore a function of (T, P) and we have

opy _ S _ op\ _V _

More generally, an intensive quantity can only depend on intensive variables, as is the case here for
(T, P). For instance, P(S,V, N) being intensive can in fact only depend on s = S/N and v = V/N.

13.2 Nernst's principle

13.2.1 Necessity of the third principle of thermodynamics

In a classical approach, the energy is defined up to an additive constant Uy (which must be pro-
portional to N to preserve extensivity), so the chemical potential is also defined up to an additive
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constant. Since experiments only give access to energy variations AU, this is not a problem. Entropy is
also a priori defined up to an additive constant Sy, since what is measured in a given experiment is the
variation AS. However, this poses a problem for the Helmholtz and Gibbs free energies, F = U — T'S
and G = U — TS + PV since these are now defined up to the addition of Uy — T'S; and this is not a
constant if the temperature varies between the initial and final states of the system. In that case, the
variations AF and AG are useless.

13.2.2 The third principle of thermodynamics

As we saw in earlier chapters, a statistical physics approach allows to determine S from first prin-
ciples (Boltzmann's formula S = kpInQ taking into account all degrees of freedom). In classical
thermodynamics, this is not possible and is supplemented by Nernst’s principle, also known as the
third principle, which states that for fixed (V, N) or (P, N),

lim S(T,V,N) =0 lim S(7,P,N) =0 (13.26)
T—0 T—0

From a statistical point of view, this would be stating that the fundamental state is non-degenerate at
T =0, Qo = 1. In practice, g is small, so that S(T" = 0) ~ 0 for all intents and purposes.

13.2.3 Consequences

As a consequence, S is no longer defined up to an additive constant, i.e. Sy = 0, which solves the
problem of the indetermination of AF and AG. Moreover, since S(T,V) — S(0,V) = Sy = 0 and
S(T,P) — 5(0,P) = Sy = 0 become independent of V and P (respectively) in the low-temperature
limit, we have, from Maxwell's relations

) -@) 0 (@)@ wm

in the limit 7' — 0. These forms of the entropy may be computed from the heat capacities

T T! T T P
S(T,V):/O MdT’ S(T,P):/O %dT’ (13.28)

and since these must remain finite as 7' — 0, both heat capacities must also go to zero?,

lim C,(T,V) =0 lim C,(T, P) = 0 (13.29)

Another consequence is that it is impossible to reach T' = 0 through an adiabatic process. Indeed,
if the process is irreversible, AS = Sy —S; > 0 but the final entropy is null Sy = 0 since the final state
has T' = Ty = 0 and the initial entropy cannot be negative. If the process is reversible, AS = 0 but
the conclusion stands. Should we consider a process that is not adiabatic, it is less direct to show but
the result stands, leading to the impossibility to reach absolute zero.

2. for example, take an ansatz that C(T) o< T with o # 0. Then we find that S < T o C\, which proves the
result that C, must go to zero as T' — 0.
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13.3 Physical interpretation of thermodynamic potentials

13.3.1 Internal energy

Let us consider a system with a fixed number of particles V. The first principle of thermodynamics
applied to this system in a given process states that AU = @Q + W. In particular, in an adiabatic
process for an isolated system, we have AU,q = Wa.q. The external medium receives an amount of
work 7 = —W. Consequently, the amount of work received by the external medium in an adiabatic
process (whether reversible or not), equals the decrease of the system's internal energy

Tad = —Waa = =AU, (13.30)

13.3.2 Enthalpy

Let us now consider a system that is in contact with a volume reservoir, imposing a given constant
pressure Py. We define the quantity
Hy=U + RV (13.31)

It should be stressed that Hy is not the enthalpy, which is defined by H = U + PV where the pressure
is that of the system, not of the reservoir. For any process, this quantity varies by an amount

AHy = AU + PyAV = Q + W + P AV (13.32)

but the amount of work received by the system includes both that related to the variation of the
volume3 —PyAV and any other work W/, so W = —PyAV + W’. Finally, we have

AHy=Q+ W' (13.33)

In an adiabatic process, we have AHj .q = W/, and thus the amount of work (other than that associa-
ted to volume variations) received by the external medium in an adiabatic process at constant external
pressure is equal to the decrease of Hy in that process

Taa = —AHop ad (13.34)

It is only in the case that the initial and final pressure of the system are equal to Py that AH = AH,.
A counter-example is that shown in Fig. 13.2. If we release the lock, the final pressure is Py = F,
while the initial pressure was much larger. In that case AH # AH,.

13.3.3 Helmholtz free energy

Consider now a system that is only allowed to exchange heat with a thermostat imposing its tem-
perature Ty. Much like before, we define the quantity

Fo=U-T,S (13.35)
which is not equal to the Helmholtz free energy F' = U — T'S. In any process, the variation of this

quantity is
AFy =AU —ToAS =W + Q — THAS (13.36)

3. It may be useful to recall that the infinitesimal work received by the system due to pressure forces is W = —PydV
since it is the external medium that does this pressure work.

177



P = 10bar Py = 1bar

=

FIGURE 13.2 — Releasing an overpressured gas

and the second principle states that AS > @Q/T, with equality if and only if the process is reversible.
Consequently, @ < ToAS and
AFy <W (13.37)

The amount of work received by the external medium is then at most equal to the decrease of Fy, and
it reaches this maximum when the transformation is reversible

T = -W < —AF, (13.38)

This explains the name of "free energy" : it is the maximum amount of work that can be extrac-
ted from the system. We note that in the case T = T; = Ty, the variation of I} equals that of F', and
then T < —AF.

13.3.4 Gibbs free energy

Consider now a system exchanging heat with a thermostat at temperature Ty and volume with a
reservoir at pressure Py. We define, similarly to the two previous cases, the function

Go=U—-ToS+ RV (13.39)

which is not to be confused with the system’s Gibbs free energy G = U — T'S + PV. The variation of
Gy in any process reads

AGo = AU — TyAS + PoAV = Q + W — ToAS + PyAV = Q + W' — ToAS (13.40)

Using the second principle as we did above, we get that the amount of work (other than that associated
to volume variations) received by the external medium is then at most equal to the decrease of Gy, and
it reaches this maximum when the transformation is reversible

T =-W'< —AGy (13.41)

In the case Ty = T; = T and Py = P; = P, we have AG = AG, and therefore 7/ < —AG,

178



with the equality reached for a reversible process, in which case the amount of (non-volume related)
work extracted from the system is maximum, 7/ = —AG. This will in particular apply to any system
that is placed in contact with the atmosphere (which imposes its pressure and temperature), and may
be used to derive the amount of work extracted that is not related to volume variations, such as electric
work in a battery or the discharge of a capacitor.

13.4 Evolution and equilibrium conditions

13.4.1 General conditions

We consider the evolution from an initial state ¢ to a final state f, that are both equilibria. The two
principles of thermodynamics state that

f 5Q
Text

AU=Q+W AS > / (13.42)

These two conditions must be met by any physically sound evolutionary path. In the specific case of
an isolated system, we have AU =0 and AS > 0, so Sf > S; and the final state corresponds to the
maximum value of the entropy given the remaining constraints. This is a result we saw already.

13.4.2 Equilibrium between two sub-systems of an isolated system

,,,,,,,,

FIGURE 13.3 — Releasing constraints, from an initial state (left) to a final one (right)

Let us consider an isolated system consisting of two sub-systems A and B, that are initially iso-
lated from each other. Their internal energies, volumes, and numbers of particles are respectively
(Ua,Va,N4) and (Up, Vg, Np). At t = 0, we imagine that the panel separating the two systems is
rendered mobile and allowed to let heat through, and we wait for a new, final equilibrium to settle. The
external parameters are the total energy Uy = U4 + Up, the total volume Vj = V4 + Vg, and the
numbers of particles in each sub-system N4 and Npg. The energies and volumes of each sub-system
are now internal variables, and their values are determined in the final equilibrium in such a way that
the entropy of AU B is maximum. This entropy is given by

S(Ua,Va; Uy, Vo, Na,Np) = Sa(Ua,Va) + Sp(Uo — Ua, Vo — Va) (13.43)

and must reach a maximum with respect to the two independent variables U4 and Vy4, so

oS 954 0Sp 1 1
= - = —— = 13.44
OUx ~ 0Ua Uy Ta Tp " (13.44)

0S 65,4 853 PA PB
_ _ _ta_ s, 13.45
OV oVy 0Vp Ty T ( )
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The equilibrium is then attained when the subsystems share the same temperature and pressure,
Ta(Ua,Va,Na) =Tp(Uo — Ua, Vo — Va,NB) (13.46)
Py(Ua,Va,Na) = Pp(Up —Ua,Vy — Va,Np) (13.47)

These are two equations for the two unknowns U 4 and V4, so these can be solved, at least formally, and
the entropy at equilibrium obtained by reinjecting these into the expression for S above. Note that if
the panel is only allowed to let heat through but not to move, there is only one equation, T4 = Tz, but
also only one unknown (U,4). The panel can also be made porous, in which case N4 and Np become
internal variables, and the equilibrium is found through

08 0Sa  0Sp _ pa L kB

ON4, ONis ONg  Ta Tg

=0 (13.48)

expressing the equality of chemical potentials. Finally, it should also be noted that the maximum
entropy may not correspond to dS = 0, as is the case for the Joule and Gay-Lussac experiment shown
in Fig. 13.4. There, the external parameters are Uy and V; and the internal variable is the volume V'

occupied by the gas. Since
oS P
— | ==>0 13.49

(aV)U T~ (13.49)

the maximum entropy is reached for the maximum volume and the final volume is V; = V4.
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FIGURE 13.4 — The Joule and Gay-Lussac experiment

To summarize globally, for an isolated system, external parameters such as U, V, z, ... are fixed
and if we consider an internal variable y, the equilibrium is reached when S(y; U, V, z,...) is maximum,

<6S> =0 (13.50)
Ay UV,z,...

yielding the equilibrium value yeq(U, V., x,...) of the internal variable y. Note that for this to be a

maximum we should have
%S
— <0 (13.51)
Ay UV,,...
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13.4.3 Maximum entropy and minimum energy

The maximum of the entropy with respect to y for constant U, V, N, z, ... is equivalent to
U(y; S,V,N,z,...) reaching a minimum with respect to y for constant S, V, N, z, . ... Mathematically,
08 9?S
() 0 () <0 (13.52)
dy U,V,Nz,... Ay U,V,Nz,...
is equivalent to the alternative formulation of equilibrium
oU 02U
<> =0 (2> >0 (13.53)
Ay S,V,N,z,... oy S,V,N,z,...

This is best understood graphically, as shown in Fig. 13.5, taken from Callen’s "Thermodynamics".
Indeed, let us consider a fixed internal energy U. Equilibrium occurs for the maximum value of S as
a function of other variables (here just one, that we call x), so the section of the surface S(U, x)
at constant U, is a concave function of z. Now, since 95/0U = 1/T > 0, these functions of x
must increase for increasing values of U. The surface S(U, ) then necessarily has the shape shown in
Fig. 13.5. By performing a cut at constant S, one sees that the equilibrium point corresponds to the
minimum U.

FIGURE 13.5 — Equivalence between the equilibrium conditions that S should be maximum at fixed
U, and that U should be minimum at fixed S.

13.4.4 Evolution and equilibrium in a fixed environment
Minimum of G

We consider a system S exchanging heat () with a thermostat 7 imposing its temperature T, and
work W with a reservoir of volume R imposing pressure Py. The variation of the system'’s entropy in
any process is such that

Q

AS=5;—-5> — (13.54)
To
and the work received by the system is W = —PyAV. The variation of its internal energy is then

AU = Q+ W < TyAS — ByAV (13.55)
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so that if we define Gy = U — TS + PV we have

AGy <0 (13.56)

Any physically allowed process is such that it can only lead to a decrease of Gy, and the final equilibrium
corresponds to a state of minimal Gy compatible with any remaining constraint on the system.

With fixed external parameters Py, Ty, and N, and internal variables "chosen" by the system S
(either through exchanges with the environment, such as U and V' or through internal exchanges, y),
the differential of G reads

1 P Y
where we have inserted the expression of d.S based on its natural variables. Rearranging, we get
_ To Ty Ty
dGo = (1 T> dU + <Po L P> dv L Ydy (13.58)

In order for G to be minimum as a function of the internal variables of the system, we must have
T="T P=PF Y =0 (13.59)

which constitute three equations for three unknowns (U, V, and y). In practice, we may use S, V, and
y as internal variables, so we would replace dU in the first expression of dGy, yielding

dGy = (T — To) ds + (PO — P) dVv — Ydy (1360)

and therefore leading to the same three conditions for equilibrium.

Specific cases

We may consider a few specific cases. For instance, in an isolated rigid system, U and V are fixed,
so Go = U —TyS + PyV minimum corresponds to —7S minimum, i.e., S maximum. In a system that
is only in thermal contact with 7 but has a fixed volume, the condition for equilibrium is equivalent to
Fy = U — TyS being minimum. This leads to the equation T' = Tj and so at equilibrium Fy identifies
with F' = U — T'S. Its dependence on the internal variable y may be explicitly stated as F(y;T,V),
and the determination of the value of the internal variable y at equilibrium may then be done through

y - (5F) —0 (13.61)
dy TV

leading to yeq(T, V') and the Helmholtz free-energy at equilibrium is
F(T,V) = F[yeq(T,V); T, V] (13.62)

The same reasoning applies to a system in thermal contact with 7 (7,) and mechanical contact with
R (Fy). In that case, at equilibrium T' = Tj and P = P, so that G| identifies with G = U — TS+ PV.
Its dependence on the internal variable y may be explicitly stated as G(y; T, P) and the value of this

variable at equilibrium found through
- (aG) —0 (13.63)
9y )rp

leading to yeq(T, P) and the Gibbs free-energy at equilibrium is
G(T7 P) =G [yeq(Ta P)7 T7 P] (1364)
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Remarks

We note that to find the conditions for equilibrium, the choice of external parameters is a matter
of taste, because at equilibrium, everything is fixed. This is akin to the thermodynamic limit discussed
earlier. Once this choice is made, the function to be minimized with respect to the internal variable y
is unique.

Now if we study the irreversible evolution after relaxing a constraint, the choice of external parame-
ters is not free, but dictated by the experimental conditions. For instance, in the Joule and Gay-Lussac
experiment, if the system is isolated we should work with S, as we know Sy > S;, but if the system is
in contact with a thermostat, we should work with F' as Fy < Fj.

Finally, if there are other exchanges possible (for instance particles with a reservoir imposing its
chemical potential pq, or work in a gravitational field, or charges with a generator of fixed electromotive
force, ...) all this reasoning should be redone from the start.

13.4.5 Thermodynamic inequalities

The conditions for Gy to be a minimum at equilibrium impose some inequalities on the partial
derivatives of the thermodynamic functions. Writing U as a function of S and V' (with N and other
variables fixed), we have Gy = U(S,V) — TS + PyV so that at equilibrium

aGo - o aC"YO _ o _
ag =T-To=0 57 =P —P=0 (13.65)

yielding, at least formally, the equilibrium values of S and V'
S = Seq(T()v PO) V= V:%Cl(TOv PO) (1366)
Near the equilibrium, we can perform a Taylor expansion of G
AS? 902Gy, AV?9%G 0%G
ASA
2 052 T2 ove A% oasay

where AS =5 — S and AV =V — V,q. The first order derivatives are null by definition. The second
order derivatives may in turn be written as

9*Go — 8£ 9*Go - _ ai 9*Go — 67T - _ (9£ (13.68)
052\ oS v vz v ) 9SovV — \ oV S N 0S /), '
and for this to be a minimum at (Seq, Veq) the second order term must be positive for any choice of
(AS,AV). Writing X = AS/AV, this means that for any X, we have

Go(S,V) = Go (Seqs Veq) + (13.67)

oT oT oP
— ) X’+2(—=) X—- (= 13.
(55), 2 (57), 7~ (5v), > (1569
This quadratic form is positive if the second-degree and zeroth-degree coefficients are positive
oT oP
— 0 — | = 0 13.70
(%), > (57),> (.10

and if the discriminant is negative *

Kgg)sr * (gg)v (25)3 <0 (13.71)

4. Actually, the positivity of the second-degree coefficient and the negativity of the discriminant ensure the positivity
of the zeroth-degree coefficient.
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The first two conditions are equivalent to the positivity of the heat capacity at constant volume C,
and of the adiabatic compressibility xs, while the discriminant condition may be shown to imply the
positivity of the isothermal compressibility xr, a demonstration we leave to the reader,

0S8 1 /0V 1 /0V
¢ <6T>V>° == <8P>s>0 w==7 <6P>T>° (13.72)

13.5 Applications

13.5.1 Phase transition of a pure compound

POaTO
ﬁ

FIGURE 13.6 — A two-phase equilibrium under imposed pressure and temperature

Equilibrium condition

We consider a system consisting of a mass m of a pure compound existing in two phases a and b
(for instance, these could be liquid and vapor) and submitted to a fixed pressure Py and temperature
Ty. The external parameters are then m, Ty, and Py. When the two phases coexist, there is a mass m,,
in phase a and a mass my in phase b, with m, + m; = m. The internal variable here is, for instance,
the mass fraction z = mg,/(mg + mp) in phase a, with obviously 0 < = < 1.

The equilibrium of the system is determined by the minimum of the Gibbs free-energy G. Writing
Go(T, P) for the Gibbs free-energy if the mass m is in phase a and G(T, P) for the Gibbs free-energy
if the mass m is in phase b, we have

G(a;T, P) = 2Go(T, P) + (1 — 2)Go(T, P) = Go(T, P) +  [Go(T, P) — Go(T, P)]  (13.73)

The value x¢q of = at equilibrium must be such that this function reaches a minimum, so three cases
are possible for a given set of temperature and pressure (Fig. 13.7) :
— If Go(T, P) < Gy(T, P) then the minimum is for 2 = 1, and the whole system is in phase a.
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— If Go(T, P) > Gy(T, P) then the minimum is for z = 0, and the whole system is in phase b.
— If G,(T, P) = Gu(T, P) any z will do and both phases coexist
In that last case, however, the condition G, (T, P) = G,(T, P) means that there is a relation between

pressure and temperature. In the case of the liquid-vapor transition, we talk of the saturating vapor
pressure P = P,(T') when the two phases coexist.

+G(x; T, P) +G(z; T, P) +G(z; T, P)
. Gy(T, P) G (T, P)
o _ G.(T, P)
G.(T, P) Gy(T, P) Gy(T, P)
0 1 * 0 1 * 0 1 7

FIGURE 13.7 — G as a function of the mass fraction z, for a given (T, P), shown for the different cases
discussed above.

Note that if we fix the pressure, the evolution of G, and G, as a function of temperature is related

to the entropy of the two phases since
oG
— ] =-S5 13.74
(57), (13.74)

G G

Phase a : Phase b ) Phase b | Phase a

Ga(T P)
Ga(Ta P )

Gy(T, P)

Teq:TS(P) T Peq:PS(T) P
FIGURE 13.8 — G as a function of T for fixed P (left), and as a function of P for fixed T' (right)

So if Sp > S,, we have the situation shown in Fig. 13.8, with G, (T, P) < G,(T, P) for T' < Teq(P) and
Go(T,P) > Gy(T, P) for T > Toq(P), which in turn means that the system is entirely in phase a below
that equilibrium temperature® and entirely in phase b above it. Similarly, we may fix the temperature,

5. which is such that Ps [Teq(P)] = P.
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If Vi, > V,, we conclude from Fig. 13.8 that the system is entirely in phase b for P < P(T) and
entirely in phase a if P > P;(T). Consequently, in the (P,T) plane we can place the a and b phases
as indicated in Fig. 13.9 and conclude that P,(T) is an increasing function of temperature. Of course,
if V, < V,, we find that Ps(T) is a decreasing function of temperature. This is the case for instance of
the solid-liquid transition of water.

-PAL

! Phase b

»
»

T

FIGURE 13.9 — Phases a and b in the (P, T') plane, for S, > S, and V}, > V,,. The green dashed curve
represents the equilibrium curve between the two phases.

Clausius-Clapeyron relation

The slope of the equilibrium curve P(T) discussed above may be computed locally by using the
condition for equilibrium G4 (T, P) = G(T, P) at two nearby points (T, P) and (T'+dT, P+dP) that
are both on the curve. This implies that the variations of G, and G}, are identical, i.e., dG, = dG}, or

0G, 0G, 0Gy, oG,
T P=— T _— P 13.
(57), o+ (57, or= (57 ) o+ (7)o (13.76)

This may be written using the entropy and volume, as these are the partial derivatives introduced here,

—S,dT + V,dP = —S,dT + V;dP (13.77)

Rearranging this to obtain the derivative of P = P,(T') with respect to T, we obtain the important
Clausius-Clapeyron relation for phase transitions,

dP, S, — 8,
dar = V-V,

(13.78)
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where we recall that S, is the entropy of the system when it is entirely in phase a, V,, the volume
it occupies in that state, while S and Vj, are the corresponding quantities when the system is entirely
in phase b. Considering a unit mass of fluid, these are the specific quantities s,, v,, sp, and vy, and we
may rewrite the above relation using the specific latent heat L,

dP; L,
T TAs L, =TAs=T(sp — Sa) Av = vy — U, (13.79)
T, P
| ||

FIGURE 13.10 — Homogeneous fluid submitted to a fixed pressure and temperature

Construction of an isothermal curve

For a given set of external parameters T', P, and N, and taking the volume V of the homogeneous
fluid as an internal variable, the equilibrium value of the latter is found by minimising G(V; T, P),
yielding Veq (T, P). Now what is the form of G as a function of V' 7 In particular, we wish to study it for
a fixed T (isothermal curve) and various values of the pressure. We may picture this as in Fig. 13.10,
with the system in a cylinder being submitted to a user-defined pressure. If at the given temperature
there is a transition, i.e., a two-phase equilibrium, this means that there is a certain pressure P(T') for
which there are two minima of G[V; T, Ps(T')] corresponding to the two volumes V,, and Vj, of the two
phases. The simplest function with this property would look like the one in Fig. 13.11

Now if the pressure is not equal to Ps(T') we have

G(V;T,P)=F(T,V)+ PV = F(T,V)+ P,V + (P — P,)V = G(V;T,P,) + (P — P,) V (13.80)

so that compared to the case P = P,(T'), the curves for G(V; T, P) are in this case skewed downwards
if P < P(T) and upwards if P > P;(T), as shown in Fig. 13.12.
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FIGURE 13.11 - G(V; T, P) as a function of V for a given temperature T and a pressure P = P,(T).
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FIGURE 13.12 - G(V; T, P) as a function of V for a given temperature T" and a pressure P # P,(T).

The case P = Pg(T') is shown for comparison as the dashed line.

The two minima G, and G}, are now unequal, so the higher one of the two defines a metastable
state. Consequently, for a given temperature, and as pressure rises, the function G(V; T, P) presents

shapes that vary as shown in Fig. 13.13.

By reading the absolute minima of G in the (V, P) plane we can draw the isothermal curve, and in
particular its plateau Pg(7T'), but also the metastable branches, as shown in Fig. 13.14. Various curves

thus appear :

— The dew-point curve is the ensemble of points for which the first drop of liquid appears, as we
— The bubble-point curve is the ensemble of points for which the first bubble of vapor appears,

move from the pure vapor state.

as we move from the pure liquid state.
— Both of these together form the saturation curve.
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FIGURE 13.13 — G(V;T, P) as a function of V for a given temperature T and various values of P
(P1<P2<P3<P4:PS(T)<P5<P6<P7).

— The spinodal curve is the ensemble of points where the metastable states appear or disappear.
These correspond to null second-derivatives of G with respect to V.
Between the saturation and spinodal curves, there is an equilibrium between liquid and vapor, but me-
tastable states are possible. Below the spinodal curve, phase separation must occur, and no metastable
state is allowed. The point C' is the critical point above which no clear distinction is possible between
a liquid and a vapor, forming a homogeneous fluid phase.

13.5.2 Chemical reactions and the law of mass action

In a system where compounds may react chemically, i.e., modify and exchange bonds between
atoms, such an evolution may occur spontaneously, with or without the action of a catalyst, leading
to a chemical equilibrium after a sufficiently long time. Thermodynamics provides conditions for this
equilibrium, independently of the path that led to it, but depending of course on the environment
(temperature and pressure). To discuss these, we consider a chemical reaction written in the following
symbolic form

> vidi=0 (13.81)

where the A; stand for the various compounds at play, and the integer coefficients v; are either positive
or negative, depending on whether the compound is a reactant or a product. We assume that this
reaction occurs at constant ambient pressure and temperature, as is basically the case when working in
an open vessel in the lab since the atmosphere provides the thermostat and volume reservoir necessary.
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FIGURE 13.14 — Isothermal curve, metastable states, saturation curve and spinodal curve

In these conditions, as we saw, the Gibbs free-energy is minimum at equilibrium. We have
dG = —SdT + VAP + Y _ pdN; (13.82)
where N; is the number of particles A;. Now the variations of the different IV; are not independent,

due to the relation (13.81). Indeed, if N; varies by an amount v;, then all other N; must vary by an
amount v; to preserve the matter content. Isolating one species A; in particular, we then have

dN; V;
pidN; + Zﬂdej =dN; |pi + Zﬂj <dNZ> =dN; | pi + Zﬂj;: (13.83)
J#i J#i VE)
so that
Vj CUVZ
dG = —SdAT + VAP + dN; | p; + Z piys | = =S4T + VP + == Z o (13.84)
J#i J
At T and P fixed and at equilibrium, we have
3G>
— =0 (13.85)
<8Ni T,P

which yields the condition for chemical equilibrium

> vipi =0 (13.86)
i
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It may be used to derive an important result for gas-phase reactions. For that, we note that the
chemical potential p; of a gas in a mixture is given by

where P; is the partial pressure of this gas in the mixture, that is the pressure it would have if it were
the sole compound in the full volume

_ NikgT  N;

P,
’ V N

P N=>N (13.88)

and x;(7T) is a function of the temperature that does not need to be specified. At equilibrium, these
partial pressures take values Py ; and the condition above yields

> vilksTIn Py + xi(T)] =0 (13.89)

or, rearranging to isolate the partial pressures, we obtain the law of mass action
v; 1
1:[ Py = Kp(T) Kp(T) = exp (-kBT ZZ: yix,) (13.90)

where Kp(T) is the chemical equilibrium constant, and is characteristic of the equilibrium, and
independent of the initial quantities of the various compounds. The law of mass action may be applied
to solutions instead of gas-phase reactions, in which case the concentrations ¢; = N;/N of the solutes
replace the partial pressures. The law of mass action in this case reads

[Iei =K (@PT) (13.91)

but the constant in this case also depends on the total pressure in a manner that is not analytically
simple. We leave it to the reader to determine how Kp(T) depends on P in the gas-phase case.

13.5.3 lonization equilibrium : Saha’s equation

An important case of an equilibrium in astrophysics is that of the ionization equilibrium at a given
temperature T'. We consider the equilibrium described by Fig. 13.15, i.e.,

A=A +e (p) (13.92)

where A, ; stands for state ¢ of ion A,, and A,;; for state j of ion A, ;. We write o and 3 for
the states on either side of the chemical equation, i.e. & = {4,,;} and 8 = {A,11; + e (p)}. We
thus make it clear that the energy E. of the released electron is a function of its momentum p. In the
non-relativisitc limit, which we suppose is the case here, we have

2
g =2 (13.93)

" 2m,

The Boltzmann distribution gives the ratio of probabilities to find the system in either of the two states

Ps g Eg — Eq
P o exp ( T (13.94)
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FIGURE 13.15 — lonization equilibrium between states r and r 4 1 times ionized.

Now the energies and statistical weights of these two states are, respectively,

2
p
« (X o] r+1,5 Xr 2me
In the last equation, g.(p) represents the statistical weight of the states of the released electron. To
compute this, we recall that this is just the number of microstates for an electron with momentum p,
to within dp. The classical computation of the density of states for a gas of N, free electrons in a box
of volume V' shows that the number of electrons whose energy lies between E and E + dE is

Ja = Gr,i 98 = Gr+1,59¢ (D) (13.95)

V. [2m, 8/2
N(E)AE = o — < = ) VEJE (13.96)

which can be rearranged to exhibit g.(p), i.e., with N(E)dE = N.g.(p)dp we have
( )71 p®>  8mpidp
9elP) = N. w2k n.h3

where n, = N./V is the volume density of free electrons. Consequently, the ratio of the two ionic
populations is obtained by integrating over the possible momenta of the released electron, yielding

Mooty | Gy 20mmekpT)Y? | Ern X~ En
ri o G neh? kT '

s

(13.97)

(13.98)

Now, the Boltzmann distribution gives the populations of the various states for each ion, i.e.,

Ny g 9r,i 5m' Nry1,5 9r+1,5 5r+1,j
_ _ = — 13.99
ne  Z(T) P ( kT) M1 Zo(T) P\ TRT (13.99)
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where Z,. and Z,.; are the canonical partition functions for the two ionic species, defined by
Zo(T) = grjexp L Zoi(T) =Y grsrj exp oy (13.100)
' 3=0 v kT " 30 T kT

This allows to replace the factors depending on the specific state in the previous equation by global
factors n,./Z, and n,y1/Z,11, yielding eventually Saha’s equation in the form

3/2
Nyr41Me 2Z7"+1 (QﬁmekT) ex ( Xr ) (13101)

n.  Z h3 KT

It has applications for instance to the determination of the ionization state of hot gaseous nebulz.

193



14

Evolution towards equilibrium in statistical physics

In the previous chapter, we discussed the evolution of an out-of-equilibrium system in the context
of classical thermodynamics, where, depending on the experimental conditions, it is characterized by
an increase of the entropy S or a decrease of the Helmholtz free-energy F', the Gibbs free-energy G
or the grand-canonical potential J. In fact, the latter three are consequences of the former. So it is
natural to wonder whether this increase of S is itself a consequence of a more fundamental result in the
framework of statistical physics. Going back to the fundamental postulate we introduced in Chapter 2,
according to which p, = 1/, we see that it deals with states of macroscopic equilibrium, where the
system may be in any of a large number of microstates |¢) with probabilities p, that no dot depend on
time. Statistical physics is nevertheless able to tackle systems that are out-of-equilibrium, by considering
time-dependent probability distributions {p¢(t)}, ruled by the master equation.

14.1 The master equation

14.1.1 Transitions between microstates

In a perfectly isolated system, the Hamiltonian H could be perfectly known, and time-independent.
Its eigenstates |¢) would be stationary, with eigenvalues E; such that

H|l) = E,|0) (14.1)

In reality, however, there is some uncertainty in the Hamiltonian, which reads H + §H, where the
uncertainty in H must be of order JE, the experimental uncertainty in the energy of the system.
Remember that the number of accessible states Q(E; §E) actually takes into account this uncertainty,
as the notation underlines. This leads to constant changes in the system from one accessible microstate
|¢) to another |m). Indeed, there are always forces originating from outside the system that are too
weak to be taken into account explicitly in the Hamiltonian but nevertheless induce transitions from
one quantum state to another!, as shown schematically in Fig. 14.1.

These transitions are characterized by a transition probability P,,¢(to,to + dt) that the system,
being in state |[¢) at time t¢, transitions to find itself in state |m) at the later time ¢y + dt. Of course
Pre(to,to + dt) — dpme in the limit d¢ — 0, but the characteristic transition time 7 is much smaller
than the timescale At over which the sytem is observed, making the transition process a very rapid
one. The memory loss means that ¢y is meaningless. So let us consider a time interval dt such that

T < dt < At (14.2)

1. See the discussion at the end of this chapter.
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FIGURE 14.1 — Stationary states in a perfectly known Hamiltonian (/eft) and transitions between
accessible microstates in the presence of (unavoidable) perturbations of the Hamiltonian (right).

We then have, for |m) # |¢)
Pmé(th tO + dt) = amfdt (143)

where a,,,¢ is the transition probability per unit time?. It does not depend on time fr a system in
macroscopic equilibrium, and is of course positive, a,,, > 0 for |m) # |¢). Note that we can define an
age < 0 by writing

Poe(to,to + dt) = 1 + agedt (14.4)

such that the probability to stay in state |£) is one in the limit d¢ — 0 and is less than one at finite
times.

14.1.2 The master equation for an isolated system

How do the probabilities p; of microstates |¢) evolve with time for an isolated system 7 This is a
simple matter of counting transitions, between ¢ and ¢ + dt, into and out the microstate |¢). This gives
a change

dp, = Z Apmpm (t)dt — Z Amepe(t)dt (14.5)

where the first sum gives the probability increase from transitions into state |¢) and the second sum
gives the probability decrease from transitions out of state |¢). This gives the master equation

dpy
at = Z [aémpm (t) - amépé(t)] (14'6)
Note that the sums can include the terms for |m) = |¢), since these cancel out. To complete this

into an evolution postulate, we add two hypotheses3 :

2. This should remind the reader of the Einstein A,,; coefficient of spontaneous emission seen in Chapter 7.
3. The master equation and these hypotheses are in fact results from more fundamental ideas from quantum mechanics.
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— The transition matrix is symmetric, i.e., ag, = ame
— There is no transition (ag, = 0) between states whose energy difference |Ey — F,,| is larger
than the experimental uncertainty E.
One should note that the master equation is in fact a system of coupled differential equations of order
one in time. Therefore, it is not invariant in time reversal ¢ — —t, unlike the equations of motion at
the microscopic level 4. This is a very important property to understand irreversibility in the evolution
of macroscopic systems.

14.1.3 The master equation for a system in contact with a thermostat

From the master equation for an isolated system, it is possible to deduce what form it takes for a
system in contact with a thermostat, by using the same process as in Chapter 3. We write S for the
system under study and T for the thermostat. The union system S| J 7 is assumed to be isolated, with
a weak coupling between S and T, and therefore its probability distribution py 1, (t) obeys the master
equation written above, with |¢, L) the microstate of the union system, made up of a state |£) of S and
a state |L) of 7. Writing ag,.m,am for the transition probabilities per unit time in the union system,

we have
dpe,

dt

= Z Z (@, Lim, MPm,M — Qm, M;,LPe,L] (14.7)
m M
Of course, we are interested in the probability distribution of the sole system S, for which we have

Pe = ZPE,L = ZPZPL (Eo — Ey) (14.8)
3 L

where Ey = Ey + E is the total energy of the union system, that is conserved. From this, we have

dpy dpe,L
- — - — m,MFm - m) — Um,M; 4 - 149
m = %; m EL Em ]VE[ [ae,L, v, MPmPM (Eo E ) Qm, M;0,LP¢PL (EO Ee)] ( )

We switch sums and extract p,, and py from the remaining sums over L and M

% = Z {Pm Z Z [ae,Lim, v (Eo — En)] — Do EL: %: [@m,ae,n0r (Eo — Ee)}} (14.10)

m L M
By introducing the following coefficients

Afy =YY b Lm Py (Eo — Eny) ape =YY amumerpr (Bo— B (14.11)
L M L M

we recover a master equation for the probability distribution of S as?®

d
% = Z [a’l;rmpm - agLpr] (1412)

m

The coefficients al  are time-independent and positive for |¢) # |m), but they are not symmetric. This
property is replaced by the following relation

E,, E
ag, exp <M> =al  exp (ij/’T) (14.13)

4. The case of a classical equation of motion, that is second-order in time, is clearly time-revertible. The case of the
Schrédinger equation is less clear, but the fact that it involves complex-valued wave functions ensures its time-reversal
invariance as well.

5. It is direct to show that the definitions of a{m and az;le above are consistent with each other.
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which stems from the fact that these transition probabilities may link two microstates |¢) and |m) with
significant energy differences, the thermostat absorbing or furnishing the heat necessary involved in this
transition. Indeed, by expressing the microcanonical probability distribution of the thermostat as

PL(EO — E@) = Aexp (&) (1414)

if the energy of the microstate |L) is compatible with Ey — E, to within the experimental uncertainty,
and Pr(Ey — Ey) = 0 otherwise, we have

Gim = Z Zaf,L?m’MA exXp (_Eok;fm> g = Z Zam,M;e,LAexp (—E(];;ﬁ)

L M L M
(14.15)
which gives the result, using the symmetry of the ay r.m a,

E., E E
al exp <_szT> = Z Zag’L;m,MAexp <_k:BOT) =al , exp <_I€;T> (14.16)
L M

Assuming for instance that Ey > E,,, the ratio of the two transition probabilities per unit time

T
ay Eg—Em>

— —exp| ——— ) <1 14.17
r p( T ( )

shows that there are more transitions from the upper level |¢) to the lower one |m) than the opposite.

14.2 Consequences of the master equation

14.2.1 Detailed balance at equilibrium

Equilibrium solutions

At equilibrium, the probabilities do not depend on time. To make this explicit, we write pge) for the
probabilities at equilibrium. We hence have, for any state |¢),

(e)

dpy~ _ (e) (e)] —
i —Z[agmpm — Qmep, | =0 (14.18)

m

which does not mean that the system stays in a given microstate at all times, but that, given an
ensemble of systems, there are as many of these systems that transition into state |¢) as there are that
transition out of it, in a given unit of time. To find the equilibrium probabilities, one has to solve a
linear system of many (countable) equations, subject to the constraints

16 py? >0 Son =1 (14.19)
[€)

We shall now compute these equilibrium solutions in the two cases of an isolated system and of a system
in contact with a thermostat.

The case of an isolated system : recovering the microcanonical distribution

It is straightforward to show that the microcanonical distribution is an equilibrium solution of the
master equation. Indeed, let us take

Pt = 5oy (14.20)



for any accessible state |¢) among the Q(E) that exist, and py = 0 otherwise. We consider the sum

Z [aﬂmpm — amﬁpé] (1421)

m

Assume first that |€) is not an accessible state, then the second part of the sum is zero by virtue of
pe = 0. In the first, only the terms for which |m) is an accessible state have non-zero p,,. However,
in that case the transition probabilities are as,, = 0, so that the whole sum is null. In the case that
|¢) is an accessible state, the only terms that survive in both parts of the sum are those that connect
|¢) to another accessible state |m), and the symmetry property ag,, = ;¢ combined with the equality
pe = pm for these accessible states ensures that the whole sum is also null. Interestingly, in that latter
case, the sum is null because of the cancellation of individual terms

ApmPm = AmePe (1422)

for all accessible states |¢) and |m), even though equilibrium only requires that the sum (14.21) be
null. This very specific condition (14.22) is called detailed balance, in which case not only are the
probabilities to leave state |¢) and to enter it equal during a given time interval dt, but they are also
equal when considering a specific ingoing and outgoing state |m). Finally, it is possible to show that
the microcanonical distribution is the only equilibrium solution in the case of an isolated system, as we
shall see later.

The case of a system in contact with a thermostat : recovering the canonical distribution

In the case of a system in contact with a thermostat, it is straightforward to show that the canonical
distribution is an equilibrium solution. Indeed, taking

1 E,
14.23
be ZeXp< kBT> (14.23)

T
Al

al E, al E,—E, E,,
dhum = o (~) = gtow (-EEE Yo~ ) —ahn (1420

ensuring that this probability distribution is an equilibrium one in this case

we have, using the relationship (14.13) between a}, = and a

d
% = ; [Clngpm - a?n,epé] =0 (1425)

with a detailed balance property. This equilibrium probability distribution is the only possible one, as
we shall see later.

14.2.2 Spontaneous evolution
Evolution towards equilibrium

The master equation is a set of first-order time-differential equations. As such, it suffices to give
a distribution {p,(to)} at a time ¢y to determine the full time-evolution {p,(t)} of the distribution. It
may be shown that

lim pe(t) = pi° (14.26)

t—o0

meaning that in the limit of large times, any probability distribution will tend to the equilibrium distribu-
tion (microcanonical in the case of an isolated system, canonical in the case of a system in contact with
a thermostat, etc.). Any macroscopic system will, given enough time, reach its macroscopic equilibrium
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state. This involves discussing relaxation times 7., that appear in many systems as an exponential
time scale in the approach to equilibrium

’pz(t) - pﬁee)‘ ~ coe” T (14.27)

Few things can be said about these times, as their computation depends heavily on the details of the
system®, but it is clear that they increase dramatically with the size of the system, as equilibrium is
first reached locally before extending to more distant parts. They can vary by orders of magnitude (e.g.,
10725 for the rearrangement of electrons in a metal, hundreds of years for a glass-crystal transition...)
and there can be several relaxation times in a system, referring to the various equilibria at stake (particle
and heat diffusion, for instance). Finally, one should consider how 7.. relates to the experimental timescale
At, for if 7, < At one can readily use the formalism of equilibrium statistical physics. The other extreme
T > At is also relatively simple as the system can be thought of as being in a metastable state. Only
the intermediate case 7, ~ At requires a full time-dependent treatment based on the master equation.

The H theorem for an isolated system

The evolution of the system is dictated by the fact that it should bring it to equilibrium. Boltzmann’s
H theorem allows to characterize this evolution. Consider an isolated system that is out of equilibrium.
Its statistical entropy is given by the general formula

S = —kB Zpg hlpg (1428)
1€)

that depends on time since the distribution of probabilities does. Let us write its time-derivative as

7:_153 Zilnpﬁzpeldp‘ = —kp Z% Hdef (14.29)

1€)

The second sum is null by virtue of the normalization, and in the first we use the master equation

— = —kp Z Z AgmPm — am/p/) In py (1430)
[€) |m)

Using the symmetry of coefficients, we may write this in either of the following two forms

if - kB Z Zafm (p@ _pm) hlpf a = kB Z Zafm Pm — p@) hlpm (1431)

[€) |m) D)

We can also write it as the half-sum of these two expressions

ZZaem (Pe = pm) (Inpe — Inpry) (14.32)

1) |m)

In this expression, terms are either positive or null, since x — Inx is an increasing function, so that if
Pe — pm > 0 then Inpy, — Inp,, > 0 and conversely. Consequently,

ds

> 14.
n (14.33)

6. These are determined by the values of the coefficients ay,,, needed to solve the differential equation system.
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which is a demonstration of the second principle of thermodynamics using only the master equation
and the symmetry of its coefficients. Incidentally, the equilibrium is reached when this time-derivative
is zero, implying that each of the terms in (14.32) is null. For all pairs (|¢) ,|m)) of accessible states’,
this implies p; = p,,, and we thus recover the microcanonical distribution.

Summarizing, for an isolated system that is initially out of equilibrium, the spontaneous evolution
is in the sense of an increase of the statistical entropy, which reaches a maximum at equilibrium,at
which point the probability distribution of the accessible states is microcanonical. In that sense, the
fundamental postulate of 2.2.2 is in fact a consequence of the evolution postulate.

The H theorem for a system in contact with a thermostat

In the case of a system S in contact with a thermostat 7, the H theorem applies to the (weakly-
coupled) union S|JT. The entropy of the system S may decrease if that of T increases more. In that
case, let us consider now its Helmholtz free energy F' = (E) — T'S, where

E(t) =Y pe(t)Es (14.34)

1€)

is the (time-dependent) average energy of the system S. The Helmholtz free-energy is then

F=(E)-TS = Zng/JerBprlnp/ > e (B¢ + kpT'Inpy) (14.35)
€) 1€)

Let us now consider its time evolution,

dF

d d d
=1 > pe (B + kT npy) Z [ PCg, + kBTlan>:| + kBTZ pe (14.36)
16) 16) )

The last sum is null by virtue of the normalization, and we have, by the master equation in this case

dF
=2 | 22 [abwpm — amupe] (Be + kT Inpy) (14.37)
0 Lim)

Introducing the alternate coefficients

E
Uy = Gyg XD <_k;T) (14.38)

that are now symmetric by virtue of (14.13), we have

ﬁ - [am exp (k T) —aT, exp (kET)pg] kT In |:pg exp (k]jfTﬂ (14.39)

€y |m)

By posing
Pe = peGXp( b ) (14.40)
kgT
we have
=kpT Y > [@fyBm — ee] In fie (14.41)
[€) |m)

7. A necessary condition for ay,, not to be zero.
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Following the same ideas as for the case of an isolated system, this can be written

dF kgT . N N
o :f% SN al, (e — pm) (npe — i) (14.42)
1€y |m)

leading to the spontaneous decrease of the Helmholtz free energy for a system in contact with a ther-
mostat, a result we had from classical thermodynamics,

dF
— < 14.4
3 S0 (14.43)

Here again, we can find the form of the equilibrium distribution by writing that at equilibrium, F
has reached a minimum, leading to p,, = p, for all pairs (|¢) ,|m)). This yields

Pe€xp | —
¢ kT ( Ey— Em>
— = =ex - 14.44
Pm mexp | — E., P kgT ( )
m kT

which is the canonical distribution, as it should. Summarizing, for a system in contact with a thermostat
that is initially out of equilibrium, the spontaneous evolution is in the sense of a decrease of the Helmholtz
free energy, which reaches a minimum at equilibrium, at which point the probability distribution of the
accessible states is canonical.

14.2.3 Irreversibility

Let us consider an isolated system, for which the master equation is (14.6), and assume that by
some means the system has been prepared in a macroscopic state characterized by the initial probability
distribution {pY}. Leaving it to evolve spontaneously, if {p?} was not equal to the microcanonical
distribution, then the H theorem states that {p,(t)} will evolve in the sense of an increasing S. This
means that there is no possibility for {ps(t)} to return spontaneously to {p?}, ever. This irreversibility
stems from the first-order in time master equation, and contrasts with the reversibility of microscopic
processes, that are governed by deterministic equations. How one goes from these deterministic
equations at the microscopic level to stochastic (i.e., probabilistic) equations at the macroscopic
levels involves the extreme sensitivity to initial conditions and to very weak outside perturbations (e.g.,
gravitational or electromagnetic fields) : two trajectories in phase space that are extremely close initially
diverge exponentially in time. A simple example of this is the gravitational influence of the observer
on gas particle collisions occurring within a vessel. Assume that the vessel contains 11 of nitrogen at
normal conditions of temperature and pressure, and the observer of mass M = 75kg stands D = 1m
away from the vessel. The gravitational interaction energy is extremely weak,

GM Mgy 75 " 281073
D? 12 22.4
where we use the molar volume 22.41- mol~! and the molar mass of nitrogen 28 g - mol~!. This energy
is much lower than the internal energy

2
E, = ~3 10710 ~—610"12J (14.45)

5 5 6.0210% _o3
but the tidal effect on two particles initially set for a collision perturbs that trajectory by an angle 66,
which may be expressed as®
GM (0\?
600 ~ —— [ = 14.47

8. See "Eléments de Physique Statistique" (B. Diu, C. Guthmann, D. Lederer, and B. Roulet), IV.B.
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where ¢ is the mean free path (~ 140nm) and v is the relative velocity between the two particles.
This angle is very small, 56y ~ 410=2%rad, but in the collision, the change in direction is of order
0601 ~ 86y(£/b) where b is the interaction radius (~ 0.15nm), and after g collisions, we have

q
50, ~ 86, (i) (14.48)

which typically reaches ~ 1rad after only ¢ ~ 10 collisions, which corresponds to a typical timescale
~2.5107?s. In a very short time, the particles have lost any memory of where they came from, which
explains why the microscopic time-reversibility is lost and the equations of evolution in statistical physics
are not time-reversible.
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15

Kinetic theory

The kinetic theory is an approach to understanding the properties of gases as a collection of a
large number of particles in random motion. It is historically older than what we have seen so far, as it
can be traced back to Bernoulli's Hydrodynamica in 1738. In its simplest form, the theory assumes that
these particles (atoms and molecules) have no internal structure, that they can be safely assumed to
be non-relativistic, that quantum effects may be neglected, and that the interaction between particles
is limited to binary elastic collisions. From this theory, we may derive the equation of state for ideal

gases !, and transport coefficients such as viscosity or thermal conductivity.

15.1 Lagrangian and Hamiltonian formalisms

15.1.1 Generalized coordinates and velocities

In section 1.5, we wrote how a macroscopic system may be described classically by the set of
positions and momenta of its N particles. More generally, the variables describing the state of the
system will be the generalized coordinates ¢ = {¢;}1<i<s and associated generalized velocities
qi= {¢i }1<i<s- An example of a generalized coordinate is the angle made by a pendulum with respect
to the vertical axis. We have written s to stand for the number of degrees of freedom. For example, in
a monoatomic gas with N particles, we obviously have s = 3V.

15.1.2 Lagrangian formalism
Lagrangian and action

The Lagrangian formalism of classical mechanics amounts to writing the equations of motion in
terms of the Lagrange function or Lagrangian, defined as the difference between the total kinetic
energy K and the potential energy U from which the forces derive 2

—

LGt =K—-U (15.1)

Using this function, it is possible to define the action along a trajectory ¢(t) in configuration space3,

1. Taking into account more realistic binary interactions, we may derive more general equations of state, in particular
the Van der Waals equation.

2. This assumes that all the forces acting on the particles do derive from such an energy.

3. This is the s-dimensional space where ¢ lives, not to be confused with the 2s-dimensional phase space.
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given a starting point A at time ty and ending point B reached at time ¢, as the following integral,
which is a functional (i.e., a function whose argument is a function),

Sl = / i (15.2)

The search for the trajectory go(t) actually followed by the system is based on the principle of statio-
nary action, also known as principle of least action or Maupertuis’ principle, which states that for
this trajectory, the action should be stationary, i.e., that a small variation d¢(t) in the trajectory leads
to a null variation of S to linear order, i.e.

08 = S[qo(t) + 6q(t)] — Slgo(t)] = 0 [6q(t)] (15.3)

Euler-Lagrange equations

This means that ¢y(t) extremizes the action, and the calculus of variations* can be put to use to
derive constraints on the Lagrangian, as we now show in the one-dimensional case. Assume ¢o(t) is
a trajectory that extremizes the action and introduce a function h(t) such that h(tg) = h(t1) = 0,
where ty and t; are the initial and final times. With € < 1 a small parameter, we consider the alternate
trajectories g.(t) = qo(t) + €h(t) and write the action as a function of €

ty
Se=S8e®)]= | L(ge, e, t)dt (15.4)

to

The stationary action principle suggests to write the derivative of this action with respect to ¢

t1 . ty : t1 .
dse :/ dL(ge,dert) o :/ {aﬁ Oa. Ok aqf] dt :/ [8£h+ 0L h} at  (15.5)
t to to

de de dq. O Og. Oe Jq. 0qe

0

since we have

aqe aqe 7
=h =h 15.6
Oe Oe ( )
This derivative should be zero for ¢ = 0, which yields
hroc oL }
—h+——h|dt=0 15.7
/to [3(10 dqo ( )
given that we have the following limits
oL oL oL oL
= = li == 15.8
egl(l) aqe qu Eg% aQG 3% ( )
Performing an integration by parts on the second term, we get
hoTac d (ac)} { aﬁr
hl=—=— === )|dt+ |[h==| =0 15.9
/to [3(]0 dt \ Oqp 4o | 4, (15.9)
but the fully-integrated term is null, due to the constraints h(tg) = h(t;) = 0, so we have
t
oL d /oL
hl———(=—1]|dt=0 15.10
/to {3% dt (3(10)] ( )

4. The whole field can be traced back to Euler and Lagrange searching for the solution of the tautochrone curve
problem, and has wide extensions to optics (Fermat’s principle) and quantum field theory (Feynman’s path integral
formulation).
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and this must be true whatever the "shape" of the disturbance curve h(t). Consequently®, the expres-
sion inside the square brackets must be identically zero. Generalizing to arbitrary dimensions, we obtain
the equations of motion in the form of the Euler-Lagrange equations

d /oL oL
— = 15.11
de <84i) 0q; (15.11)

Examples

For instance, take the case of a one-dimensional free harmonic oscillator, for which the kinetic energy
is quadratic in ¢ and the potential energy is quadratic in g,

. . 1, 1
L(g,d) = K (@) = Ulg) = 5mg* = 5 kq* (15.12)

Then we have or oK or o
o = A =M —=———=—k 15.13
ag ~ o0q o oq (15.13)

and the Lagrange equation correctly recovers the usual equation of motion
mg+kqg=20 (15.14)

Another example of a Lagrangian is that governing the evolution of a system of charges in an
electromagnetic field, which reads

=% [Ka — qaVa o+ qala.ﬁa} (15.15)

where the sum extends over particles indexed by a.. The kinetic energy of each particle is K, while V,
and A, are the scalar and vector potentials, respectively, that apply at the position of the particle®.

15.1.3 Hamiltonian formalism
Hamiltonian and Hamilton-Jacobi equations

The Hamiltonian formalism of classical mechanics is built upon the Lagrangian one by defining
the conjugate (generalized) momenta of the generalized coordinates

o
04

Di (15.17)

and the Hamilton function, also known as energy function or Hamiltonian, that depends on the
generalized coordinates and momenta

H(G P t) =D pidi — L(T,4.t) (15.18)
=1

5. This is the fundamental lemma of the calculus of variations
6. We recall that these potentials are related to the electromagnetic field by
. 0A

B=VxA Ezfﬁvfa (15.16)
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This is a Legendre transform from a function that depends on (4, ¢) to one that depends on (g, p).
In this formalism, the state of the system is given by the values of the s generalized coordinates and s
generalized momenta, living in phase space. The equations of motion are found by taking the partial
derivatives of 2 and making use of the Euler-Lagrange equations. By definition,

oM _ . OH _ 9L _ d (oLN _
o o, 0g  dt\og )

The set of s second-order Euler-Lagrange equations is therefore equivalent to the set of 2s first-order
Hamilton-Jacobi equations

(15.19)

dqi - 87—[ dpi . 87—[
d¢ a 8pi dt B 3qi (1520)

When forces derive from a potential energy U(¢) and when the kinetic energy is quadratic in all
¢;, the Hamiltonian identifies with the total energy. Indeed, we have

S S aﬁ S aK
- i L= G K+U=S o —~K+U 15.21
H ;p ds ;%aqi + ;q 5 + (15.21)
and with K quadratic in all ¢;, i.e.,
K = Zaiqf (15.22)
i=1
we have
0K LK <
— =2a,4; so Gim— =Y 2a;4? =2K 15.23
0q; ; 0q; ; ( )
leading to the identity
H=K+U (15.24)

Examples

As an example, take again the one-dimensional harmonic oscillator, for which

oL
= — = 7 15-25
P= g =md (15.25)
so that the Hamiltonian H = pg¢ — L is
1 1 1 1 p? 1
2 (Lo Lo\ _ L o Lo P71, oo 15.2
H=mqg <2mq 2k:q ) 54 + 2k‘q o + qu (15.26)
The Hamilton-Jacobi equations then read, as they should,
OH p OH
=5 = m P=""3 q (15.27)
For a system of charged particles in an electromagnetic field, the generalized momenta are”’
oL 0K, . - -
D, + goAa = MaUs + ga g (15.28)

Poa = 75 = 55—
¢ O, OV,

7. The notation da/db stands for the vector whose components are (8a/8by, Ba/db,, da/dbs).
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and the Hamiltonian is then

H= Zpa Uo — L = Z(mav + gada va) {Z{ —ana—l—qafTa.Ua}} (15.29)

In the first sum we have twice the kinetic energy, and the terms in qa/_l'a.ffa cancel out, leading to
H= Z < mav2 + ana> (15.30)

which is more usually written in terms of the momenta as

N2
Q(onz>

H= Z —(Q_

+ ¢aVa (15.31)

15.1.4 Liouville’s theorem
Conservation of the volume of phase space

The state of the system being given by the values of the s generalized coordinates and momenta,
it may be represented as a point in the 2s-dimensional phase space, as shown in Fig. 15.1. This point
will move in time due to the motions and interactions of the particles among themselves, and so we
may speak of the "trajectory" of the system in phase space. Let us consider an elementary volume
d7 = dqdp in this phase space, and a set of systems whose representative points fill that elementary
volume at a given instant. The equations of motion specify how these points will move in phase space
over a certain short interval 6t, to end up filling another elementary volume d7’/ = dg’dp’. It may be
shown & that to first order in 6t, the elementary volume in phase space is conserved, a result known as
Liouville’s theorem,

dqdp = dgdp (15.32)

This result generalizes to arbitrary times by integration.

Invariance of the distribution function

Liouville's theorem has an important consequence for the classical statistical description of ma-
croscopic systems. We recall that the probability of finding the system in a state (g,p) at time ¢ is
written

dP(q,p,t) = fn(q,p, t)dgdp (15.33)
This distribution function fy is called s-dimensional because it depends on all s coordinates and mo-
menta. It may also be called N-particle distribution function to emphasize the number of particles
N. We recall that s = 3N here. Now, consider Q identical systems. The number of such systems whose
representative points lie in the elementary volume dgdp at time ¢ is, by definition, Qfn(q, P, t)dgdp.
After 6t, these systems will lie in the elementary volume dg/dp’, and by definition, their number is also
QfN( Pt 5t)dq’dp Since these are the same systems, and given Liouville's theorem, we have

In(d P t+8t) = fn (TP, t) (15.34)

8. An elegant demonstration of this result amounts to showing the "incompressibility of the probability density fluid",

and that this condition, written as V - ¥ = 0 stems from the Hamilton-Jacobi equations.
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P

FIGURE 15.1 — Time evolution of an element of phase space, whose volume is conserved, d7’ = dr.
Each point represents a system, evolving along the blue trajectories. Note that these cannot intersect.

which states that the s-dimensional distribution function is a constant along trajectories in phase-space.
We can show that this is also a relativistic invariant, a result that is useful to discuss the properties of
the spectrum of the cosmic microwave background (CMB).

Liouville’s equation

Writing this conservation of fxn [q(t),p(t),t] explicitly, we obtain Liouville's equation

dfy _ Ofn [ ~—~(0fn .  Ofn.
— i+ —==p; ) =0 15.35
& ot +; 9 =T B T (15.35)
This may be viewed as the conservation of a density in a flow of particles in a 2s-dimensional space.
Indeed, in this space, the "velocity" ¢ of the system has coordinates (¢1,...,qs,p1,---,Ds) and the
partial derivatives of fxn with respect to the coordinates in phase space form a gradient of fu, so
dfn _Ofn - &
—_— == -Vfin=0 15.36
a = o UV (15.36)

which is just like a conservation equation for an advected quantity fy using a Lagrangian approach in
hydrodynamics (i.e., following the mesoscopic fluid particles).
Poisson brackets

If the system is macroscopically at equilibrium, this density must be stationary, i.e., it cannot depend
explicitly on time, so we have the situation described in Fig. 15.2. Mathematically, this means that

Ofn L (Ofy . | 0w\
el 0 ; ( 4 g + p; pl) =0 (15.37)
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Note that the Hamilton-Jacobi equations allow Liouville's equation to be rewritten as

dfy _ Ofx

% = o TUNHE=0 (15.38)

introducing the Poisson bracket defined by

. [0AOB 0OAOB
A Bl = ettt 15.
{ ’ } ; |:aQi Op; Op; 0¢; ( 539)

t t+dt

FIGURE 15.2 — Time evolution of the density fn for a system that is macroscopically at rest, between
t and ¢ + dt. Coloured contours represent isodensity curves, and two representative points are shown.
They move in phase space but the overall density of points does not change.

For a system macroscopically at rest, where the s-dimensional distribution function does not explicitly
depend on time, we then have
{fn,H}=0 (15.40)

In fact, for any observable A that depends on the generalized coordinates and momenta and on time,
we have the total time derivative as

dA  0A
o =5 1AM (15.41)

from the same development that led to Eq. (15.35). For example, the time evolution of the energy
(i.e., the Hamiltonian) is just its explicit time dependence

dH OH

Note that the Poisson brackets have a quantum-mechanical counterpart that is the commutator
between two operators
[A,B] = AB — BA (15.43)

and the time evolution equation above has an equivalent in the Ehrenfest theorem that expresses the
evolution of the expectation value of any quantum mechanical operator A

%: <%?>+;<[A,H]> (15.44)
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where H is the (quantum) Hamiltonian of the system. An application of that theorem are the Ehrenfest
relations stating that the average values of the position and momentum operators obey the classical
Newton relations,

AUx) _ () AP _
& T m o =) (15.45)

15.2 Distribution functions
15.2.1 BBGKY hierarchy

For a set of IV point-like particles, we can take their positions 7; to be the generalized coordinates
@, in which case the generalized momenta are simply p; = m;, where m is the mass of a particle.
Then, Liouville’s equation may be written in a form that combines terms pertaining to the same particle
1 and explicitly makes use of the equations of motion, as

N
Ofn pi Ofn | g OfN
ot +Z(m 3 T g (15.46)
In this equation, the net force exerted on particle i is
- U, ou;;  0U,
F=_20_ Yo Zext 15.47
O R (15.47)

where U;; is the interaction potential between particles ¢ and j, Uext is the externally-imposed potential,
and the total potential exerted on particle i is

Ui = Ut + Ui (15.48)
J7#i

Solving Liouville's equation governing the evolution of fy in 6 N-dimensional phase space is impossible
in the general case®, but in fact fy contains much more information than what is necessary for a
description of equilibrium properties, and it usually suffices to focus on the single-particle distribu-
tion function f;(q1,p1,t) living in 6-dimensional space. This function is defined by writing that the
probability dP(q1, p1,t) to find any particle within the elementary volume dg;dp) is

dP(q1,p1,t) = fi(q1, p1, t)dqidp: (15.49)

It is straightforward to write f; as an integral of fy over the N — 1 other particles, with

N
£i@ 70 = [ I @@ ) [ (15.50)
=2

This process of integrating over a subset of particles is called marginalization, a term originating in
probability theory. Similarly, a two-particle distribution function fo may be defined as

N
Pl BB Fet) = [ I @B ) [ [ A (15.51)
1=3

9. This would amount basically to knowing the full details of the microscopic state of the system, an endeavour we
have renounced from the very beginning.
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and, more generally, an r-particle distribution function f, (with » < N) would be defined by

N
f’r (q_’17"'aﬁr7t):/fN (6’17ﬁ1a§27ﬁ27"'7t) H dq_;dp; (1552)
i=r+1

It may be shown © that the time evolution of the r-particle distribution function f, reads!!

ofr NN OUiry1 Ofrg1) o o
ot == {fraHT} - (N ’I“) ;/ ( 6(2 8@ dqr+1dpr+1 (1553)

where the Hamiltonian H,. only includes interactions involving the first r particles, i.e.,

T 2 r r
bi = 1 I
Hr = Z [Qm + Uext(qz‘)] + b Z Z Uij (&, @) (15.54)

i=1 i=1 j=1
With this subset Hamiltonian, the Poisson bracket reads
- 1774 afr . - aU’Lj a[]ext afr
ry Ilpy = — = S = . = 15.55
J#i

Equation (15.53) shows that the evolution of the r-particle distribution function depends on the proper-
ties of the (r 4 1)-particle distribution function f,.11, that appears under the integral on the right-hand
side. For instance, the first of these equations, for » = 1, reads

Of B Ofi e O
ot

U1z 02
oq1 Op

— = =(N-1 dgardp- 15.56
oq op1 ( ) 2Pz ( )

m . 8(?1
whose right-hand side involves the two-particle distribution function f2(g1, 1, @2, D2,t). To solve the
above equation requires knowing this new function, which obeys a similar equation but where the
right-hand side now involves the 3-particle distribution function f3, and so on. This set of equations
constitutes the BBGKY hierarchy, named after Bogoliubov, Born, Green, Kirkwood, and Yvon.

15.2.2 Boltzmann equation

The BBGKY hierarchy is a moment approach, and as is usual in such cases, a simplification of the
problem requires truncating the hierarchy of moments. This means that if a model for f,., 1 is available,
one can use it to solve for f,. and go back down the hierarchy to solve for f;. The Boltzmann equation
is one such approach, that models fo based on the hypothesis of molecular chaos, also known as
Stosszahlansatz, which is the assumption that the velocities of colliding particles are uncorrelated,
and do not depend on their positions. In that case, the equation modelling the evolution of f5 is
truncated by setting the corresponding right-hand side (involving f3) to zero 2. It is also reasonable to
expect that at large distances '3, the probability density f» should factorize 14

f2(q1, P, @2, P2, t) = f1(q1, P, t) f1(G2, P2, t) (15.57)

10. See for instance M. Kardar's course, available at http://web.mit.edu/8.333/www/lectures/, section I1.C

11. Note that for r = N we recover the conservation of fx.

12. This is equivalent to ignoring collisions with more than two partners.

13. By which we mean that |g> — @1| > d, where d is the characteristic length scale for the interparticular interaction.
14. Recall that this is what happens for probability distributions of independent random variables.
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A more detailed discussion of the right-hand side terms of Eq. (15.56) yields that one may write

0 p1 O aU, 0] D
i 4 b1 é — iXt . 4 = <f1> (15.58)
ot m  Oq, dq1  Opy Dt ) .

which is the Boltzmann equation, and where the right-hand side is the collisional integral characte-
rizing the redistribution of particles in phase space due to their mutual interaction through collisions,

_ (%];1)0011 = // [fl (q1,p1) f1 (G, p2) — f ((Tl,];’l> f (q‘l,ﬁz)} |Gy —11|

For simplicity, the dependence of f; on time was omitted. The quantity do/df is the differential cross-
section characterizing the probability for a collision (see Fig. 15.3) in which partners move from a state

(P1, =) to (];’1,];’2). Overall, the molecular chaos hypothesis assumes that the 2-particle distribution

function may be expressed in terms of products of the single-particle one. The meaning of this expression
for the collisional integral is that the probability to find a particle at ¢; with momentum {; is suddenly
altered by a collision with a partner having momentum 5. The probability of such a collision involves
the differential cross-section, the relative velocity |2 — 1|, and the joint probability of finding two
particles with these momenta at that position. The first term in the integral represents a probability
subtraction due to particles being ejected from the phase space point (¢i1,71) in the collision. The
second term represents the inverse process 5.

do 3
10 dQd’p, (15.59)

() - = ®
b1 '

FIGURE 15.3 — Schematic two-body collision occurring at a point in space ¢, = ¢ = ¢/, = ¢'5, where
partners with ingoing momenta pj and p> leave with momenta p’; and p’,. These events are the ones
taken into account in the collisional integral (15.59).

15.2.3 Vlasov equations

In the case of interactions among particles that do not reduce to collisions, such as long-range
Coulomb forces in a plasma, or gravitational forces in a stellar system (globular clusters or galaxies),
difficulties appear with the Boltzmann equation as written in Eq. (15.58). In that situation, Vlasov pro-
posed to consider the system as collisionless and to include the interactions as resulting from a mean
field for each particle. For example, in the case of a fully ionized plasma of electrons and ions with
charge Ze, their respective distribution functions f.(q,7,t) and f;(q, P, t) obey the following system of
equations

15. Note that 1;’1 and p’y are both functions of 71 and fa.
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afe = afe — - >3 afe _
5t e e (E + 7, x B) == (15.60)
af; L Of; . N\ Jf; B
5 0 g T 2e (E + 7 x B) 55 = (15.61)

that is to be completed by the specification of the electromagnetic field that arises from the distri-
butions of electrons and ions. This is done by way of the Maxwell equations

. . p = - - 9B o s . 10E
B == -B=0 EF=—-—— B = —_— 15.62
\Y% o \Y, V x o V x pol + 55 ( )

where the distribution functions are hidden in the charge and current densities, since
p=c [ (@fi- 1) &5 j=ec [ (@t~ ra) @y (15.63)

This whole set of equations, Egs. (15.60) to (15.63), constitute the Vlasov-Maxwell system. In the
non-relativistic zero-magnetic field limit, this becomes the Vlasov-Poisson equations

afe N afe il afe
at "% a7 ~F o5 a1

V. E=L p=e [(@fi- 1) (15.65)

€o

=0 %+5¢'%+Zeﬁ~a‘]cj
0q op

=0 (15.64)

15.2.4 Maxwell distribution
Equilibrium distribution of the Boltzmann equation

It may be shown that the equilibrium occurs if and only if the collisional integral in the Boltzmann
equation is null. It follows that the one-particle distribution function must be such that

FO2e0 @) = 1200 O @) (15.66)

omitting the dependency on ¢ since it appears identically in all these functions. We have used a "(0)"
superscript to mark that these one-particle distribution functions are those at equilibrium. By taking
the logarithm, we have

I fO @) + n £V (5y) = n £ ) + n £ (o) (15.67)

which shows that In fl(o) is a collisional invariant, which means it is a conserved quantity in a two-body
collision. It should then be a linear combination of the only collisional invariants there is, i.e., the total
mass, momentum, and kinetic energy.

Determination of the distribution from general considerations

We have not developed too much the above reasoning, nor given the form of the equilibrium
distribution fl(o), to focus on a demonstration that makes use of very general considerations (stationarity,
homogeneity, and isotropy) for a macroscopic system in thermal equilibrium at temperature T". We start
from the probability dP(7, 7, t) to find, at time ¢, a particle within the element d37d3j around (7, p) in
phase space, i.e.,

dP(7,p,t) = fi(7,p,t)d37Fd>F (15.68)
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The stationarity hypothesis means that f; cannot explicitly depend on time ¢, and the homogeneity
means it does not depend on position 7 either, so

dP(7,p,t) = f1(p)d37d3p. (15.69)

By integrating over position, we get a distribution function for the sole momentum f(p)

fp) = /f1(@d3F= V f1(D), (15.70)

where V is the volume of the system. The isotropy hypothesis implies that the distribution can only
depend on the modulus p of 7, or equivalently on p?, so there is a function g such that

F@) = g®*) = g(p2 + p2 + p2) = h(p2)h(p2)h(p2). (15.71)

the last step stemming from the fact that all three components of the momentum are independent ran-
dom variables that are identically distributed. The independence implies that the probability distribution
g may be factorized, the identical laws of probability implying that the factors are the same function h.
Taking the logarithm of the above relation and deriving with respect to one component, say p,, we get

olmg _g(®*)op* _, §v*) _0mh(pi) _, NM(@;)

o 9D Ope T TgW®) T Ope U h(p2) (15.72)
from which we have, using similar derivations with respect to p, and p.,
9w _HeE) M) MG (15.73)
9(p*) b)) APy h(p2)
where B is a constant 10, Integrating, we get
h(py) = Aexp (—Bp3) 9(p*) = A% exp (= Bp?), (15.74)

which shows that the distribution function for the momenta, and from there the velocities, is a Gaussian.
The A and B constants are determined from the normalization of probabilities and from the relation
between the mean kinetic energy and the temperature (see 3.5.2)

(p*)  3kpT

2m 2

(15.75)

Indeed, we havel?

/ f(p)d®p = / 4mp?g(p®)dp = 4w A® / p? exp (—Bp?)dp = 4WA34£2 =1 (15.77)
0 0

which gives A = \/B/m. The mean kinetic energy is given by the integral

(p?) 4 A3 _ 4ArA® 3 m  3kgT

1 2 3> 4 2

16. For any values of p; and py, and writing F(u) = h'(u?)/h(u?) we have F(py) = F(py) which is precisely what a
constant function is.
17. We note the following useful integrals

& . 2n — 1N e !
w2t 4y = @n—DH : — 3 z p2ntle=ba® gy = 72 T (15.76)
o prontl \ b o 2+
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Using the relation between A and B, this yields

4rB*? 3 [m 3 3kpT
2mn3/28B2\ B 4mB 2

(15.79)

and so B = 1/(2mkgT) and we have the single-particle distribution function that takes the form of
the Maxwell distribution or Maxwell-Boltzmann distribution

1 3/2 p2
1) = <27rkaT) P < 2kaT) (15.80)

which can readily be written in terms of the velocities rather than the momenta

m\*? my?
v) = == | 15.81
@) <27rkBT> eXp( 2k3T> (15.:81)
such that the probability for a particle to have a velocity ¥ to within d3% is dP(?) = f(¢)d37. In
equation (15.81), v = ||¥]| is the magnitude of the velocity vector. This distribution is therefore a

3-dimensional Gaussian probability for the vector (v, vy, v.), with zero mean and standard deviation

kT
oy = \/% (15.82)

The probability distribution of each velocity component is itself a zero-mean Gaussian, with the same
standard deviation. From (15.81), we get the distribution for the modulus v of the velocity as

3/2 2
B m v .
fo(v) = <27TkBT> exp < 2k‘BT> 4=, (15.83)

which is obtained by explicitly writing out the elementary velocity element d3# = 4mv2dv. It is easy
to show that with this distribution (15.81), the collisional integral in the Boltzmann equation (15.58)
vanishes, as it should. Indeed, the one-particle distribution function is then

1 1 1 3/2 P2
10 =310 =5 (srmier) - (“aar) (15.84)

such that its logarithm is

p2

kaBT

Infi=-InV - gln (2rmkpT) — (15.85)

and is indeed a collisional invariant.

Characteristic velocities

From the Maxwell distribution, we can compute a set of characteristic velocities, the RMS velocity
vq (for Root Mean Square), the most probable velocity v,, and the mean velocity (v), that are
formally defined by

vg _ /vgfv(v)dv aﬁjzj (vy) =0 (v) = /va(v)dv (15.86)
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The computation of these quantities for the Maxwell-Boltzmann distribution, using the Gaussian inte-
grals given in an earlier footnote, yields

[3ksT [2ksT [8ksT
Vg = . vp = - (v) = - (15.87)

To get an order of magnitude, if we write p = m/m, with m, = 1.673 x 10727 kg the proton
mass, and with 7" in Kelvin, we have

T /T |T
vy = 0.157\/>kms_1 v, = 0.128/ = kms™* (v) = 0.145, [ —kms ™! (15.88)
I I I

so that, for instance, the typical velocity of hydrogen atoms in the cold neutral interstellar medium
(with temperatures of the order 100K) is about 1 kms™1.

15.3 Ideal gas equation of state

In the framework of kinetic theory, it is possible to derive an expression for the pressure P based on
the distribution of particle velocities. In this model for an ideal monoatomic gas, pressure is computed
from the transfer of momentum to the walls of the box in which the gas is held.

15.3.1 Kinetic pressure
Determination

Consider a particle with initial velocity @, that is undergoing a collision with a section d.S of the box
between ¢ and ¢ + dt. We assume the section to be perpendicular to the x axis, so dS = dSé&,. After
the collision, the particle has a new velocity v/, so that its momentum change is mA@ = m(v’ — ¥) and
is given by

AT = m(i — 7) = / Fdt, (15.89)
0

where F is the instantaneous force exerted by the box on the particle during the collision, and 7 is
the duration of the collision. This force is perpendicular to the wall, so the y and z components of
the velocity do not change. Since the momentum d?ph.x acquired by the wall in that process is the
opposite of the particle’'s momentum change, according to Newton's laws, we have

d?Phox = 2Muz€, = 2mu cos 0, (15.90)

where 6 is the angle between the normal to the wall and the direction of the incident particle. Between
t and ¢ + dt, the number of collisions undergone by the section d.S of the wall on the part of particles

having such a velocity ¥ is
dN(?) = nf(¥)d*v(é,.7)dSdt, (15.91)

where we introduce the density of particles n, and the volume (€,dS).(ddt) = vcosfdSdt of the
cylinder within which the particle must be in order to hit the section of the boundary in the right
time-frame. Now, using the isotropy hypothesis, we have 18

f(@)d3T = g(v)v2dv sin dAd e, (15.92)

18. Note this is not the same g function as in the determination of the Gaussian form of the Maxwell-Boltzmann
distribution.
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We therefore have, inserting this form in dpi,ox = AN (7)d?fhox and integrating over directions ' (6, ¢),
/2 27 Ar
Afbox = 2nmutg(v)dvdSdt x / sin @ cos® 6 df x / d¢ = ?nmv‘lg(v)dvdet. (15.93)
0 0

Now the probability for a particle to have a velocity modulus v to within dv is precisely g(v) x 4rv2dv =

ds

Vy

Vcos 0dt

FIGURE 15.4 — Microscopic interpretation of gas pressure.

fo(v)dv, so the final integration (over v) exhibits the mean of v2, i.e. the RMS velocity
- 1 e 2 1 2 1 2
dPpox = gnmdet x [ vig(v)drvido = gnm@ ydsdt = gnqudet (15.94)
0

The pressure is the ratio of the rate of change of the boundary’s momentum to the section, so we have

|dﬁb0x| 1 2
= "3ds — 3"V™a (15.95)

A simplistic model

It is possible to find the same expression by considering a simplistic model in which particles have
velocities that can only be parallel to one of the x, y or z axes, with a single magnitude . In that case,
the momentum acquired by the wall in a collision is

A2 Phox = 2mué, (15.96)
and the number of such collisions in time dt is

dN = énudet, (15.97)

19. Note that integration over 6 is only from 0O to 7/2 in order to have a collision...
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where the factor 1/6 is to consider only particles with velocity ué,. The resulting expression of kinetic
pressure is then
dpi 1
p— [dPbox| _ 2 (15.98)

dtds 3"

which is identical to the general one. The fact that the numerical factor 1/3 is the same should be
viewed as a coincidence, however.

15.3.2 Kinetic temperature and equation of state

The total microscopic kinetic energy of the gas is the sum of the kinetic energies of the various
particles, and it may be written using the RMS velocity v,

1 Nm 1 Nm

The kinetic temperature from the equipartition condition is such that
3
E. = iNkBT (15.100)

and so we combine these with the equation for the kinetic pressure to obtain the equation of state

(15.101)

15.3.3 A more general expression and an application to white dwarfs

A similar approach may be undertaken to compute the degeneracy pressure of electrons in white
dwarfs. The momentum imparted during dt to a surface dS by the electrons whose energy is between
cand e +deis 40

dPhox = Me(€) X v(e) cos BdtdS x 2p(e) cosh x y (15.102)
T
where?® n, () = (1/V)p(e)npp(e)de is the number of electrons with energies in [g, + de], per unit
volume, v(g) cos 8dtdS is the volume of the cylinder where the electrons of appropriate energy where
in the preceding time interval in order to hit the wall during d¢, 2p(e) cos @ is the momentum imparted
to the wall in each of these collisions, and d§2/(4) is the fraction of total solid angle corresponding to
the electrons with the appropriate direction. Integrating over that, we have the electronic pressure

0o /2 27
P, = ﬁ /EO ds/o dé sin@/o d¢ [p(a)r;/;m(fs)v(g) cos 0dtdS x 2p(e) cosd x % (15.103)

which may be integrated simply over ¢ and 6 to yield the general expression

1 oo
P,

=37 | dep(e)nrp(€)v(e)p(e) (15.104)

Note that when the temperature is much less than the Fermi temperature (T' < TF), this becomes

P, = % /g:F p(e)v(e)p(e)de. (15.105)

20. We recall that p is the density of states and npp is the Fermi-Dirac distribution for the occupation number.
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FIGURE 15.5 — Electron degeneracy pressure in a white dwarf as a function of the mass density. The solid
line corresponds to the full expression and the dashed lines to the non-relativistic and ultra-relativistic
limits.

To go further, we remind that for electrons forming an ideal, relativistic Fermi gas in a box of volume

V., the density of states is

(2s+1)V 14

p(é‘) = W(52 — m§c4)1/2€ = W(€2 — m§c4)1/26 (15106)
and that the energy, velocity, and momentum are related by
2 1 p?
€ = YMmecC D= YMev = — = [1+ = (15.107)

T= = 2.2
) m2c

1--

c

We then rewrite the expression of the pressure using momentum p as the variable, noting that

Ve2—m2et =pe 2¢2pdp = 2ede prc = y/e2 —m2ct (15.108)
This yields
1 [ p(e) 1 1 pr p*
P, = 37 /m,ecz p(e) x S X w2h3c3vx/€2 —m2ctede = 3273 /0 = dp (15.109)
Mey[1+ ——
m2c

e
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Making the final variable change u = p/(m.c) we get

micd PE T 4
P.=—<_F F(x) = —d 15.110
372h3 (mec> (2) /0 Tt a2 @ ( )

where the function F' may be explicited

x u4 1
F(z) = ——du==> 2222 = 3)V1+22+3In(z + V1+22)|.
0= | et =g [+ - ( )

and has asymptotic limits
Flz)~— (z<1) Flz)~— (z>1) (15.111)

The former limit (z < 1) corresponds to the non-relativistic regime, the latter (z > 1) to the ultra-
relativistic one. Treating both limits simultaneously by writing F(z) ~ 27/q,we have

e

P o~ a/3 15.112
© 7 3qm2h3 \mec 3qm2h3 " ( )

The density of electrons n, is related to the mass density of the white dwarf star by

N, ZN, ZM
'[’Le = 78 = n = —— = }/EL
1% Vv AmpV my

(15.113)

where Y, = Z/A is the electronic fraction, ratio of the atomic number to the mass number, N,, is the
number of nuclei, and m,, is the mass of a proton. Setting o = ¢/3, we obtain

1 ; Yo\
P, ~ K, p° K, = —(3m2h?) " Imd =303 ( ) (15.114)
3a my

We therefore have, in both regimes, a polytropic equation of state,

5/3

P, xp (non-relativistic) P, x p*/? (ultra-relativistic) (15.115)

This can be used in describing the stability of white dwarfs and estimating the maximum mass of such
stars that is the Chandrasekhar mass. The degeneracy pressure is shown in Fig 15.5 as a function of
the mass density of the white dwarf.

15.4 Transport coefficients in kinetic theory

The kinetic theory deals not only with gases in thermodynamic equilibrium, but also very impor-
tantly with gases not in thermodynamic equilibrium. This means using the theory to derive transport
coefficients (thermal conductivity, viscosity, . ..), as we shall now do.

15.4.1 Mean free path

In the gas, the mean free path [ of particles is the average distance covered by a given particle
between two collisions. It may be computed simply in the "hard sphere" model, where particles are
considered to be rigid spheres of radius 7. In that case, we study the motion of a particle by considering
first that the others are fixed in space. The trajectory of the particle is a series of straight lines in-between
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FIGURE 15.6 — Computation of the mean free path. The projectile particle is in blue, the targets that
will be hit in red and the ones missed are in green.

collisions, and we represent them aligned, as in Fig. 15.6. The particle collides with any other particle
whose center lies within the cylinder of radius 2r. This means that the cross-section is ¢ = 472
During time dt, the particle covers an average distance (d) = (v)dt, so the number of targets hit is
dN = no(d) = no(v)dt. The mean free time between two collisions is then

dt 1
= = 15.11
TTAN no(v) (15.116)
and the mean free path is [ = (v)T, so
=L (15.117)
" no '

Taking into account the fact that target particles are in fact not fixed, we can still use this result
provided we work with the relative RMS velocity, which is a factor v/2 larger?!. Consequently, the
mean free path is lower by the same factor, i.e.,

1

15.4.2 Viscosity

Consider, as in Fig. 15.7, an isothermal planar Couette flow, in which a fluid is located between two
plates with different velocities along the x axis. Say that the bottom plate is fixed and the upper plate,
at position y = L, has velocity Ué,. The fluid will be entrained so that it has a velocity @ = u(y)é,.
At an imaginary horizontal surface A at height y4, the fluid's velocity is ug, and the mean momentum

21. This comes from (¥ — #2)2) = (¥2) + (%) — 2( - U2) = 2(¥2), using, in the last step, the decorrelation of the
velocities of the two particles.
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FIGURE 15.7 — Computation of the viscosity coefficient.

p of the particles above this surface is larger than the mean momentum p; of the particles below it,
and the microscopic motion of particles will lead to a transfer of this momentum from top to bottom.
Consider the particles above the surface A that cross an element dA during dt, with velocities in
[v, v+ dv] and direction (6, ¢). They had their last collision at a height dy = [ cos § above the surface,
so their average forward momentum is

d
pi=m (uo + L cos HdZ) (15.119)

There are n x vcosfdtdA x f(7)d3¥ such particles. There are as many that cross the surface coming
from below with the same angles (6, ¢), but these carry a lower average forward momentum

d
P =m <u0 - lcos&dZ> (15.120)

In total, the net average momentum transfer during dt across dA is

, d d
dp, = /nv cos Odtd A f (7)d*v [m <u0 + lcos9d“> -m (uo - lcos@du)] (15.121)
y y

Expliciting the various factors, and noting that f(¥) = f,(v)/(47v?), we have >

dp, = 2nmldtdAj—u /v cos? vaT(U) sin 6dfdedv (15.122)
y T

22. Note that n and du/dy are constants.
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where the integral covers v > 0, § € [0,7/2], and ¢ € [0, 2x]. This yields

1 d
dpy = gnml(wd—ZdtdA (15.123)

and so the net rate of momentum per unit area that is transported across the imaginary surface is

1 du

w= =nml(v)

— 15.124
3 dy ( )

This is to be compared to Newton's law of viscosity, stating that this net rate is proportional to the
shear, with the constant of proportionality being the (dynamic) viscosity 7,

du

1
= nd—y n = gnml<v> (15.125)

For an ideal gas with a Maxwell-Boltzmann distribution of velocities and the above expression for
the mean free path, we have

1 1 ksT 2 [mkgT
7):§><mx\[—2><\/83 :?,/mB (15.126)
o T™m g ™

15.4.3 Thermal conductivity

Following the same logic, we can obtain an expression of thermal conductivity, by considering a
situation in which some gas is contained between two parallel plates that are maintained at different
temperatures T'(y = 0) = T and T'(y = L) = T1 > Ty. Above the imaginary surface A, particles have
a mean kinetic energy that is larger than that of the particles below the surface. In crossing that surface,
they carry this energy with them, leading to a transport of heat. The same arguments developed above
lead us to consider the mean kinetic energies ¢+ of particles that had their last collision a distance
[ cos 6 above or below the surface,

dT dT
et =gy tde=e9 2 COT =¢¢ £ C5yd— = gg = mecyl cos Qd— (15.127)
Y Yy

where C'is the heat capacity per particle, and ¢, is the specific (i.e., per unit mass) heat capacity. The
rate of energy transfer per unit surface area, i.e., the heat flux, is then, in absolute value

1 o ar
Jg = A~ /m} cos Odtd A f (0)d°T x 2me,l cos Gd—y (15.128)
which gives, expliciting the integrals,
dT 1 dT
Jg = nmcvld—y /v0052 Of,(v)sinfdd = gnmcvld—y<v> (15.129)

Note that this is a downward flux, considering the setup, so in vectorial form we obtain Fourier’s law
with an expression for the thermal conductivity K

o = 1
Jo =—-KVT K= gnmcvl(w (15.130)

224



15.4.4 Diffusion coefficient

Finally, consider a steady diffusion between two regions of the same gas with perfectly flat and
parallel boundaries separated by a layer of the same gas. Both regions have uniform number densities,
but the upper region has a higher number density than the lower region. In steady state, the number
density at any point is independent of time, but the density n increases uniformly with distance y from
the lower plate. The particles that cross the imaginary surface A during d¢ from above have a larger
density than those crossing the same surface in the same time coming from below. The corresponding

densities are

d
n® = ng :tlcos@d—n (15.131)

Y
where ng is the density of particles at the surface A. Once again 23 counting the particles per element of
velocity and integrating, we obtain the net number of particles crossing per unit time and unit surface,
i.e., the particle density current, as

d®>N ' d
Jn = Tia /vcowf( 5)d37 x 2lcos€d—Z (15.132)
which yields, once again expliciting the integrals,
1 dn
gy = 1) 15.133
0T (15.133)

Note that this is yet again a downward flux, considering the setup, so in vectorial form we obtain Fick’s
law with an expression for the diffusion coefficient D

- = 1
Jn = —DVn D= §l<v> (15.134)

15.5 From kinetic theory to hydrodynamics

At equilibrium, the Boltzmann equation's solution is, as we saw, the Maxwell-Boltzmann distribution.
One may wonder if non-equilibrium dynamics, i.e., the equations of fluid dynamics such as Euler or
Navier-Stokes equations, could be obtained from the kinetic theory as well.

15.5.1 Equations of fluid dynamics
Principle

The equations of fluid dynamics may be obtained from the Boltzmann equation, by forming moments
with quantities of the type Q(g, D), i.e

Jaan |G+ G0 Se S e [oan (Tr) @5 as13)
m O oq1  Op1 coll

If Q is a collisional invariant, the right-hand side of this equation is null %4, If furthermore @ does not
explicitly depend on position ¢, and the forces on the particles do not depend on their velocities, then
this leads to a conservation equation

%(n<@>)+z Lo n{Qpi)) sz<ac2>0 (15.136)

m@q

23. One should be careful here that the spatial factor in the distribution function is not n, but should be taken as nt
or n~ depending on the side of the surface that is considered. This is why the n factor under the integral is not present.
24. See "Foundations of radiation hydrodynamics" (Mihalas & Mihalas) for a demonstration.
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where i runs from 1 to 3 for the three spatial coordinates, n is the number density of particles

n= /f1 (7, p,t) d>p (15.137)
and the spatial averages are of course taken over the distribution function, e.g.,

@ = [ endats (15.138)

By successively taking Q = m, Q = muv;, and Q = mv?/2, which are collisional invariants, this conser-
vation theorem yields the equations of fluid dynamics

‘Zf + - (pil) = 0 (15.139)
ou L2 = P o
0 aJr(u.v il =-Vp+ f+V. & (15.140)
9 el | A Y e R A B (15.141)
ot ple 2u 1% 2u u-o Q| = (% .

In these equations, p = mn is the mass density, « is the local mean speed, fis the externally-applied
force per unit volume, e is the specific internal energy (i.e., by unit mass), & is the viscous stress tensor,
and fQ is the heat flux. These last two quantities depend on the single-particle distribution f;, because
they are expressed as

- 1 - 1

Jo = §p<(5u)25u> 0y = —p | (Owidu;) — 5 {(3u)?5y) (15.142)
where du = ¥ — i is the particle velocity, once the average fluid velocity is removed. Symmetry
considerations show that at global equilibrium, so when f; takes the Maxwellian form f{ with parameters
that do not depend on position and time, then Jgg =0 and 3 = 0. They can be non-null only when
out of equilibrium.

Example demonstration

For instance, let us demonstrate the first of these equations, which is simply the conservation of
mass. By taking @ = m, Eq. (15.136) becomes

%(n(m))—l—z Lo (n<mpi>)—nzi:pi<g;z> =0 (15.143)

m 0q;

i

Of course, the mass does not depend on any coordinate, so (m) = m, and the last sum is necessarily
zero. Inserting the mass density p = nm, we have

% +Zli(n (mp;)) =0 (15.144)

In the remaining sum over the three coordinates ¢ = 1,2, 3, we have
1 0 0 0 0 0

moa (n(mp;)) = 0 (n(pi)) = 0 (n (mv;)) = 90, (p{vs)) = o4, (puy) (15.145)

so the sum of these three terms is precisely the divergence of pi,

%+ﬁ.(pg) —0 (15.146)
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15.5.2 Chapman-Enskog development and transport coefficients

The purpose of the Chapman-Enskog theory is to develop a perturbative approach to small devia-
tions from the Maxwell distribution, for systems in which a slight imbalance is present (for instance, a
small temperature gradient). In doing so, expressions for transport coefficients are obtained in terms of
molecular data. In this perturbative approach, the small parameter controlling the development is the
Knudsen number

£ = (15.147)

4
L

which is the ratio of the mean free path of particles, [, to the characteristic scale of the flow, L. The
Chapman-Enskog development seeks successive approximations to fi, starting from the Maxwellian f.
First, the Boltzmann equation is written formally as

Dfi=J(f1,f) (15.148)

where D is the differential operator acting on the left-hand side of the Boltzmann equation, and J
is a functional representing the collisional integral. The arguments of this functional involve integrals
over terms of the form?> ¢g’h’ — gh. In the limit & — 0 one should recover the Maxwell-Boltzmann
distribution, and so the development is in powers of £ for £ < 1,

=R +er+e1P+ .. (15.149)

where fl(o) is the Maxwell-Boltzmann distribution. Inserting this development in the Boltzmann equa-
tion, we obtain, at successive orders,

J (ff°)>f1(°)) =0 o/ =7 (ff1)>ff°)) + J( () 1(1)) (15.150)

The first of these equations yields the Maxwellian form of fl(o), while the second one implicitly gives

the second term of the Chapman-Enskog development, fl(l). It is well beyond the scope of this course
to proceed with these calculations?®, but the result is 7

@ |1 2T i v (nT) - 2B@) Ve
h [n\/ ——A(©)- V(I T) ~ ~B0) : V@i

From this, one gets expressions of the heat flux .J; and momentum-flux tensor o;; as

() (15.151)

jQ = —KﬁT 0i5 = P(Sij -0 [(g;% aF ZZ]> — % (6 . ﬂ) 57,]:| (15152)
J )

where K and 7 appear as, respectively, the thermal conductivity and the dynamic viscosity coeffi-
cient, and the method yields expressions for these. One important prediction is that the viscosity is
independent of the density, a result that is well in agreement with experiments. On the other hand, it
does depend on temperature, and so does the thermal conductivity. For instance, in the hard-sphere
model with radius r, we have

5 k5T 3k
s K =252228 (15.153)

=1.016
n 6472 T 2m K

25. Primed quantities refer to post-collision states, unprimed ones to pre-collision ones.
26. See Chapman & Cowling (1970), The Mathematical Theory of Non-Uniform Gases, Cambridge University Press.
27. A(9) is a vector and B(%) is a rank-two tensor, like V ® @ with which it is combined using a double scalar product.
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and such a temperature dependence is also apparent in other interaction models. When the interaction
potential between particles is ®(r) oc r~¢, both of these coefficients vary with temperature as 7%, with

an exponent
1 2 4
-,z = 15.154
s 2+a « 7o — 1 (15.154)

In the hard sphere model, & — oo, leading indeed to K VT and 1N X VT. Conversely, we can use the
observed scaling of the transport coefficients with temperature to constrain the interaction potential.
A reasonable agreement with experiments is obtained for s = 0.668, corresponding to o ~ 11.9. This
is a justification of the short-range repulsion exponent usually taken for the Lennard-Jones potential.
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16

Introduction to stochastic processes : random walks

The topic of stochastic processes includes a number of various problems in which randomness is
of the essence. Chief among these is the paradigm of random walks, with applications to polymers,
domain growth, voting problems, diffusion-reaction problems, percolation, ..., from which it is possible
to recover diffusion equations.

16.1 Jump probabilities
16.1.1 Definition

We consider a d-dimensional hypercubic regular lattice, as shown in Fig. 16.1 for the case d = 2.
We write Q(Z,t) for the number of paths going from the origin 0 to & in t steps. Note that both
spatial and temporal variables are discrete. At each step, there are 2d branching possibilities, so the
total number of paths of length t is?

> Q& t) = (2d) (16.1)
Thus, the probability P(Z,t) of finding the walker at & at time ¢ is
NICA)
P(Zt) = 2d)! (16.2)

The time evolution of this probability will constitute the master equation. For an isotropic walk,
there is an equal probability for a walker to arrive at Z at time ¢ + 1 coming from any of the adjacent

sites ¥+ &; (i = 1,...,2d) at the previous time step, so?
2d

P@Et+1) =S —PF+¢ 16.3

@141 =3 55PE+ ) (16.3)

where the factor 1/(2d) is the transition probability that the walker will go to & rather than to
any other site adjacent to Z + €; in the time step ¢t — ¢ + 1.

1. We include self-intersecting walks, the case of self-avoiding walks being much more complex.
2. Note that in the notation {€;} with ¢ = 1,...,2d, we distinguish between €, and —é&;.
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FIGURE 16.1 — A d = 2 regular lattice with step a = 1, showing the unit vectors for all four directions,
and a random walker's path from ¢t =0 to t = 13.

16.1.2 Computation of the probabilities in the d = 1 case
In the case d =1, Eq. (16.3) becomes

Ple,t+1) = % [Pz — 1,6) + P(z + 1,t)] (16.4)

In the left and right sides of this equation, both variables of P change, which makes it difficult to solve.
To overcome this problem, we introduce the generative function

+oo
QN t)= > MNP(x,t) (16.5)

T=—00
Obviously, the equation on P yields the following relationship for Q,

1 1
which makes it much easier to compute, provided we know the initial value Q(X,0). Let us assume
that the initial position of the walker is perfectly known, and choose that position as the origin, i.e.,
P(x,0) = 5,0 where §; ; is the Kronecker delta. Then Q(X,0) =1 and

1 1 ! 1 d kyt—2k 1 t 1yt—2 t—1y2—t —t
Q(/\,t){2<>\+)\)] :qux =5 (N HOINTE L O AT (16)

The identity of this polynomial in A with that in the definition (16.5) of @ yields that, in this case of
a start at the origin,
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— If |z| > t, then P(x,t) =0
— If || <t and t — x is odd, then P(z,t) =0
— If |z| <t and ¢t — x is even, then P(x,t) = 2_t0t(t71)/2

16.1.3 Computation of the probabilities in the d = 2 case

In the two-dimensional case d = 2, we write & = (21, 22) and the master equation (16.3) becomes

1
—[P(z1 — 1,29,t) + P(x1 + 1,29,t) + P(xy, 29 — 1,t) + P(z1,22 + 1,1)] (16.8)

P(xy,xe,t+1) = 1

Assuming again that we start from the origin P(z1,22,0) = dz,,00s,,0, and introducting the two-
dimensional generative function

Q(A1, A2, t) = szlvzp(ﬁ,izat) (16.9)

Xy xro
where again x1 and x5 extend a priori from —oo to +oo, we have

1 t
Q(/\l, Ao, t+ 1) — A1+ —F+ Xy + — Q()q, /\Q,t) = M+ —+ A+ — (1610)
)\ Ao )\ )\2

where the last equation only holds because we start from the origin.

16.1.4 Computation of the probabilities in the general case

For any dimension d, we can generalize the above results by introducing the probability P(z1, ..., z4,t)
and the following generative function as a d-dimensional sum

Q(\1, ..., Aayt) Z Z/\”” NS P(21, ., T, t) (16.11)
Assuming that the walker is at the origin initially with 100% probability, we have

t
Q()\l,...,)\d, ) (2;) ()\1 + — N 4+ ..+ A+ Ald) (16.12)

To recover the probabilities from the generative functions, we note that this is a general inversion
problem, aiming to recover the function a(x) from the function f(\) defined as

=Y Maf(z) (16.13)

Note that this is one-dimensional but will be generalized later. Writing this for A = e*’ we have

f (eie) = Zeizea(:c) (16.14)

x

which is a Fourier series. In this form a(z) appears as a Fourier coefficient of g(6) = f (¢?) and can
thus be recovered by the following relation from Fourier analysis3

a(z) = % /027r e 0 f () o (16.15)

3. See Pinkus & Zafrany, Fourier Series and Integral Transforms, Cambridge University Press (1997), p. 42-44.
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We generalize this to d dimensions using the expression of the generative function above as
27 27 i0 —if i0 —ifq \ t
dé dé o 1 1 . d d
P(Z,t) = / L. / Y —ipg (1T TH o FeTAe (16.16)
o 27 o 27 2d

where we have introduced the vector § = (61, ... ,6,). This can also be written in the equivalent form

. I 46, by a0
P(Z,t) = /0 o ./0 ZCOSH (16.17)

16.1.5 Asymptotic behaviour at long times

One of the main questions in studies of random walks is to find the probability to reach the origin,
in which time, and if so how many times. This involves the computation of the asymptotic behaviour
of P(0,t) in the limit ¢ > 1.

For d = 1, this probability is zero for odd time steps ¢, and if ¢ is even it is

1 /2
P(0,t) = ?cf/ (16.18)
an expression that can be developed, using the Stirling approximation, into*
1
P(0,t) ~ 1+ (=1 16.20
0.~ —= [1+ (1) (16.20)

In the general d-dimensional case, we have
. d4/? .
P(0,t) ~ )i [1+(—1)] (16.21)

This can be shown by writing the probability in full from Eq. (16.17)

o 1 2 2 cosf; +...cos04\"
P(0 dé; ... de 16.22
0.0 = G [t [ oy (C20E el (16.22)
and noting that in the limit ¢ — oo, the integrand vanishes, except in the vicinity of 61 = ... =03 =
or 1 = ... = 60; = m, because in any other configuration, the sum of cosines is < d. Writing the

development of the cosines in the vicinity of zero yields the first term of Eq. (16.21), and writing it in
the vicinity of 7 yields the second .
t t
(;) 2wt 3

4. Indeed, we have

t/2 t' 1
— - ~— =4/ = 16.19
2t G 20[(t/2)12 20 [/ 4 \t/2 2 wt ( )
(—) vt
2e
and the factor [1 + (—1)!] /2 takes care of the distinction between odd and even ¢ values.
5. In the vicinity of 61 = ... =04 = 0, we have
02 02 t
N 1 27 27 1—514-..‘—&-1—5‘1
P(0,t) ~ W do, .. / dog 7 (16.23)
)% Jo 0
which is also the development of an exponential integral
N 1 27 27 62 92 dd/2
P@0,t)  —— de; ... de L+ 4+ L) — 16.24
©0,%) (2m)d /0 Leoe [, GPacxp [ <2d Tt (2t)d/2 (16.24)
In the vicinity of 61 = ... = 04 = , the same result is obtained with a factor (—1)%.
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16.2 Moments of the position

16.2.1 One-dimensional case

By definition, the moments of the position of the walker are, in one dimension (d = 1)

"(t) =Y a"P(,t) (16.25)
By using the definition of the generating function, we have
= A" P(x,t) (16.26)
and by a successive application of the A\(0/0\) operator, we obtain
a " ny\xr
()\8)\> Q\t) = %:x A P(x,t) (16.27)
so that the n'" moment of the position is obtained by taking the value of this function for A =1, i.e.,
8 n
@) = (A2 ) QA Oam (16.28)
oA
This gives that the first moment, i.e. the average position, is zero, (z)(t) = 0, as can be demonstrated
oQ 1! 1 t 1 1\"!
SN WL = 1-=)==(r== = 16.2
AaA /\ </\+/\> ( )\2> 2t(>\ A><A+)\> (16.29)

so that, taking this expression for A = 1 indeed yields

()(t) =0 (16.30)

which is of course not surprising for an unbiased random walk that starts from the origin. The fol-
lowing moments are

(x?)(t) =t () =0 (x*)(t) = 3t2 — 2t (16.31)

Note that the general expression for the moments is®
2n
(> () =0 (™) (t) = (2n )‘ t" + O™t (16.32)
n!
Note that we have another way to compute the second-order moment (the variance) as a function of
time by making use of the master equation. Indeed,

() (t+1) = Zaz?thH Zx P(z —1,t) + P(z + 1,t)] (16.33)

and noting that 22 = (z + 1)2 = 2(x + 1) + 1 = (z — 1)®> + 2(x — 1) + 1, we have, by judiciously
replacing 22 in each of the sums above,

() (t+1) = % ((2®)(t) = 2(x)(t) + 1+ (@) () +2(2)(t) + 1) = (@*)(t) + 1 (16.34)

Since (x2?)(t = 0) = 0 when starting from the origin, we recover that (x2)(¢) = t.

6. This can be shown by writing A = e so that Q(\,t) = etIncoshv et“2/2, where the final approximation is valid
in the vicinity of A =1, i.e.,, u = 0.
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16.2.2 General case

For d > 1 the general definition of the moments is the ensemble average (" ...z*), which may

be shown to be expressed in terms of a specific derivative of the generating function

n o\ o \"
<x71“ . ..Id/d> <)\1 a)\l) <)\d8)\d> Q()\lv"'7)\d7t)|/\1:4..:)\d:1 (1635)

16.3 Visiting the origin

16.3.1 Average number of visits to the origin

Between times 0 and ¢, there are (2d)" possible walks W of ¢ steps. We write ni(W) to stand for
the number of times a specific walk W passes through the origin. Then, the average number of visits
to the origin is

1
(ng) = 2y %;nt(w) (16.36)

To compute ny (W), we introduce g(W, t1) that takes the value g(W,¢1) = 1 if the walk W does reach
the origin at precisely time ¢; and g(W,t1) = 0 otherwise. Obviously,

Z (W, t1) (16.37)

and therefore the average number of visits to the origin is

o= G s = 3 [T

W t1=0 =0

g(W, tl)] (16.38)

By interverting the sum signs, we recognize, in the innermost sum, the probability to reach the origin
at time ¢y, so that

- zt: P(0,t,) (16.39)

How does that average number change as a function of dimension ? We consider the asymptotic beha-
viour in the limit ¢ — oo, showing that the generic term of the sum (16.39) above is of the order

. da/2

P(0,t1) ~ ) 1+ (-1)"] (16.40)

when t; — oo. In the limit ¢ — oo, the generic term of the series representing (n;) is of order
;d/Q which leads to the following conclusion :
— If d > 2, (n;) has a finite limit for ¢ — oo, so the walk visits the origin a finite number of times.
— If d <2, {ny) = 400, and the walk returns to the origin an infinite number of times.
We interpret this by saying that if the walk is restricted to a space of dimension d =1 or d = 2, there
is not enough "space" for the walk to avoid the origin, and it is bound to return to the origin an infinite

number of times. We say that d = 2 is a critical dimension, separating two very different behaviours.

16.3.2 Reaching the origin from any given point
Determination of the probability to reach the origin

So far, our walks started from the origin, but we may ask what is the probability to reach the origin
when starting from any point Z. We write 1 (Z, t) for the probability to have reached the origin at least
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once between 0 and ¢, starting from position &. Since reaching the origin in t+1 time steps is equivalent
to reaching the origin from any neighbouring point of Z in ¢ time steps, we have

V(EE+1) = QdZd)ere“ t) (16.41)

with obviously ” 1/1(6, t) = 1. Our goal is to find the probability to pass through the origin at least once
starting from Z, which we write

q(Z) = lim (&, 1) (16.42)

t—o0

Taking the limit ¢ — oo of the above equation (16.41) we have
7)==y q@+¢é) (16.43)

with obviously ¢(0) = 1. From the isotropy property, the value of ¢ for each node that neighbours the
origin is independent of the node, so that ¢(&;) = a. Using this, we may rewrite the expression of ¢ as

2d
L R
q(7) = (1= a)0z5+ o ; 9(T+ &) (16.44)

Since this is an equation similar in form to Eq. (16.3), we search for ¢ as an integral of the form of
Eq. (16.17), i.e., we look for a function @ (61, ...,0q) such that

1 21 27 g
r) = —— . ... e 16.4
o) = gz [ W1 [ 00000100 (16.45)
but the properties of the Fourier transform state that
1 27 27 i

so the problem may be restated in Fourier space, i.e., finding Q such that
Qb,...,04) =(1—a)+ Qel,..., Zcose (16.47)

This gives, quite straightforwardly, that

1—a
1-— p Z cos b,
pn=1
and therefore
1 2 2 1 =
q(Z) = @) /0 do, .. '/0 dﬁd—e*”'o (16.49)

Q.M—‘
i1
O
w0
>

7. When starting from the origin, then of course we can reach the origin between time steps 0 and ¢.
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It remains to determine a. This may be done by using q(@) =1 in the above equation. This gives

1—a 27 27
l=—— déq ... dfy——F——— 16.50
(27T)d 0 0 ) 1 d 0 ( )
— g Z Ccos vy,
p=1
and therefore
1 1 27 27

1—

S

1

d
Z cos 0,
p=1

Critical dimension

Let us consider how this probability, and in particular a, changes with dimension. For d = 1, we get

1 2T
7 / _0 (16.52)
0

:% 1—0050:

This indeed diverges for # — 0 as the integrand scales as §72. Consequently, a = 1 so the walker
necessarily reaches the origin when starting from any neighbouring point. It necessarily reaches this
point when starting from one of its own neighbours, and so on and so forth, so that in this case
q(Z) = 1 whatever the starting position. In dimension 2, we have the same conclusion because

1 2 27 1 € € 4 € d
Izzﬁ/ del/ 6y — ~/ d¢91/ d%m: q:oo
™ Jo 0 1— 5(005 01 + cos 92) —e —e 1 2 0o P
(16.53)

where the last transformation is a change from cartesian (61, 62) to polar coordinates (p is the radius).
There too, a = 1 and the same conclusion is reached as in dimension 1, ¢(Z) = 1. In dimension 3, the
integral is convergent® because of the finite value of

€ 2
rdr (16.54)
o P

Note that he average number of times the walker passes through the origin when starting from ¥ is
infinite when d = 1 or d = 2 and is finite if d > 2. Here again the dimension d = 2 marks a transition
and appears as a critical dimension. Note also that in the limit of a large initial distance from the origin
(]|Z]] > 1) we have

. 1
(%) ~ A2 (16.55)

8. In fact, a precise computation yields Z3 =~ 1.516386, leading to a = 0.340537. This value is less than 1 and so is
q(Z). Note that a > 1/6.
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16.4 From random walks to the diffusion equation

16.4.1 Generalization to continuous time

In the discrete case of a regular lattice, we had jumps from Z to Z + €; in time steps t — t + 1,
each with probability 1/(2d) if unbiased. This led to Eq. (16.3), which we rewrite here, with a slightly
altered notation,

S 1 S, -
P () =) —P(i+&) (16.56)
This may be generalized to a continuous time by considering a time interval 6t < 1 and writing that
there is a probability 1 — 0t to remain at the same position & during this time interval and a probability

§t/(2d) to jump to any neighbouring point®. This gives, using the notation Pf to specify that we are
dealing with a continuous time

Frot(T) = (1= 0t) PY(T Z (16.57)

and we can introduce the time-derivative of Pf as

dpy — lim Ptc+5t(f) - Ptc(f)

= =-—P(Z Pf(Z+ ¢, 16.
dt 5t—0 ot 2d Z (@ +é) (16.58)

We can solve this by the same method as before, i.e., searching for the Fourier transform of Pf. This
gives the following form

2 2m
PE(Z) = (2717)(1/0 dé, . ”/0 dfg exp [ <1 — = ZCOSG )] 0% (16.59)

We recall that for discrete time steps we had a slightly different form, Eq. (16.17),

. 1 2m 2m e
Pt(x)zw i d91../ d9d< 20059> e ™ (16.60)

Let us consider a time interval T', and ask what is the probability that the walker has made ¢ jumps
during that time. We write this probability as Q+(T"). Let us split the time interval in N = T/t time
intervals of length 6t and we shall take the limit ¢ — 0. Obviously, the probability to have made no
jumps is
T

Qo= (1-0t)N =(1—6t)7/% = exp [& In(1-— §t)] ~e T (16.61)
the last step being taken in the limit 6t — 0. More generally, we have the probability to have made ¢
jumps during time interval T as

N!

T (1—6)N "t st (16.62)

Qi(T) =
By expressing 6t = T'/N, we have

Q:(T)

_ :%t NV -1) ']‘\}t(N —t+D K; - t) In(1— &)] (16.63)

9. The sum of probabilities being one as it should.
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In the limit 6t — 0 and N — oo, this gives

QiT)~ —e T (16.64)
To relate the continuous-time to the discrete-time probabilities, we note that the continuous-time
probability to be at & at time T is the sum of the probabilities to have reached that point in ¢ steps,

summed over the number of steps. Each of these is Q:(T) P:(Z), the product of the probability to have
jumped t times and of the (discrete-time) probability to have reached ¥ at the t*! step, so that

1 2m 2m Tt T 1 d k G2
PT Z‘ ZQt ;(271')(1/0 del /0 dedﬁe EZCOSHH e v (1665)

and we recognize a series expansion of the exponential as

d ¢ d
1 (T T
E 2 (d E cos9H> = exp <d g 0089,,,> (16.66)
t ’ p=1

pn=1

This shows that we recover, as expected, the expression of Pf. obtained above.

16.4.2 Diffusion equation

The master equation on a discrete lattice for continuous time may be rewritten as

aps 1 i .
i QdZPx — P{(7)] (16.67)

Now suppose that Pf varies slowly with position, then a Taylor expansion yields

oPf n 162PC
dz; 2 0x?

PE(Z+€;) = PA(Z) + +... (16.68)

and the sum of two terms Pf(Z + &;) — PF(&) corresponding to the two opposite directions along the
same coordinate leaves only the second-order derivative standing, leading to

dpy 1 (62 N\ e

where we recognize a diffusion equation with a diffusion coefficient 1/(2d).

16.5 Biased random walks

Among the many generalizations possible of the typical random walks we have discussed so far, the
case of biased random walks is important. Suppose then that the probabilities to jump left or right
are unequal (we suppose that d = 1), with a higher probability p > 1/2 of jumping to the right (z
increasing) than of jumping to the left (¢ = 1 — p < 1/2, x decreasing). Then, the master equation
becomes

Piyi(z) =pP(z—1)+ (1 —p)P(z+1) (16.70)
with the initial condition Py(z) = d5,0. The method of solution is identical, introducing the generating
function

=> X"Pi(x) (16.71)
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for which we have, from the master equation,

1 —
Qur1(A) = <pA + Ap) Qi(N) (16.72)
and therefore, by iteration, and since Qp(A) =1,
1—p ¢
Qe(A) = (pA + A) (16.73)

This leads to the following expression of the probability to reach = at time ¢,

Py(z) = CEFDPpt+2)/2(1 _ p)t=2)/2 (16.74)

The moments of the walker's position are then found using the same expression as before, Eq. (16.28),
(r) = (2p— 1)t (@ = (2))*) =t[1 - (2p - 1) (16.75)

The effect of the bias on the return to the origin is quite significant. For instance, the probability to be
at the origin at time ¢ for large ¢ is

Pi(0) \/Z [4p(1—p)]' (16.76)

which is 1/+/t in the unbiased case but goes down exponentially in time if p # 1/2. Writing (n;) for
the average number of times the walk returns to the origin during time ¢, we have

(ne) = P, (0) (16.77)

t1=1

and this goes to infinity in the limit ¢ — oo for an unbiased walk but goes to a finite limit if p # 1/2.
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